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Abstract

Our aim is to give a theoretical study for the modelling of default risk. We provide first a
detailed analysis of the relatively simple case when the flow of informations available to an agent
reduces to the observations of the random time which models the default event. Subsequently,
the case of the general filtration is examined. The focus is on the evaluation of conditional
expectations with respect to the filtration generated by a default time with the use of the
intensity function, and on various versions of the martingale representation theorem. For a
more detailed account of the potential applications of results presented in this work in the
context of the modelling of default risk, we refer to the companion work: M. Jeanblanc and
M.Rutkowski: Modelling of Default Risk: An Overview.
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1 Introduction

The aim of this paper is to give a theoretical study for the modelling of default risk, taking care to the
meaning of the information. In the first part, we provide a detailed analysis of the relatively simple
case when the flow of informations available to an agent reduces to the observations of the random
time which models the default event. The focus is on the evaluation of conditional expectations with
respect to the filtration generated by a default time with the use of the intensity function.

These results are then generalized to the case when an additional information flow - formally
represented by some filtration F - is present. At the intuitive level, F is generated by prices of some
assets, or by other economic factors (e.g., interest rates). Though in typical examples F is chosen to
be the Brownian filtration, most theoretical results obtained do not rely on such a specification of
the filtration F. Special attention is paid here to the hypothesis (H), which postulates the invariance
of the martingale property with respect to the enlargement of F by the observations of a default
time. This hypothesis prevails in the literature, and means that all the contingent claims (with or
without default, in particular the F-measurable ones) are hedgeable. We establish a representation
theorem, in order to understand the meaning of complete market in a defaultable world.

We examine non-trivial example of the calculation of the stochastic intensity of a default time (or
rather of the dual predictable projection of the associated first jump process). Since in this section
the underlying filtration F is assumed to be generated by a Brownian motion, and it is well known
that all stopping time with respect to the Brownian filtration are predictable (so that they do not
admit intensity with respect to F), it is natural to examine random times which are not F-stopping
times. To be more specific, we study last passage time of a Brownian motion. The last section is
devoted to analysis of the minimum of several random times and to the Kusuoka’s example.

2 Hazard Function of a Random Time

In this section, the problem of quasi-explicit evaluation of various conditional expectations is studied
in a very special case when the only filtration available in calculations is the natural filtration of
a random time. In practical terms, we consider here an individual who observes a certain random
time τ, but has no access to any other information. More general situations are examined in the
next section.

2.1 Conditional Expectations w.r.t. Natural Filtrations

Let τ be a non-negative random variable on a probability space (Ω,G,P), referred to as the random
time in what follows. For convenience, we assume that P(τ = 0) = 0 and P(τ > t) > 0 for
any t ∈ R+. We introduce processes Dt = 11{τ≤t} and D̃t = 11{τ<t}, for t ∈ R+. It is obvious
that D (D̃, resp.) is a right-continuous (left-continuous, resp.) process. Moreover, D̃ is the left-
continuous version of D. We introduce filtrations D = (Dt)t≥0 and D̃ = (D̃t)t≥0 generated by these
processes, namely, for any t ∈ R+ we set (both filtrations below are assumed to be (P,G)-completed)
Dt = σ(Du : u ≤ t), and D̃t = σ(D̃u : u ≤ t). The σ-field Dt represents the information generated
by the observations of the random time τ up to time t and including t – that is, on the time interval
[0, t]. The σ-field D̃t represents the information generated by the observations of the random time
τ strictly before time t – that is, on the time interval [0, t[. Finally, we set D∞ = σ(Du : u ∈ R+)
and D̃∞ = σ(D̃u : u ∈ R+). We denote by σ(η) the σ-field generated by a random variable η.

Let us first examine the basic properties of filtrations D̃ and D. We have:
(D.1) D̃t = σ({τ < u} : u ≤ t, ) = σ({τ ≤ u} : u < t, ),
(D.2) D̃t = σ(τ ∧ t) = σ(τt), where τt = τ ∧ t,
(D.3) Dt = σ({τ ≤ u} : u ≤ t),
(D.4) Dt = σ(σ(τ) ∩ {τ ≤ t}),
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(D.5) Dt = σ(τ ∧ t) ∨ ({τ > t}) = D̃t ∨ ({τ > t}),
(D.6) D̃t ⊆ Dt,
(D.7) Dt = Dt+,
(D.8) Dt = D̃t+,
(D.9) D̃∞ = D∞ = σ(τ),
(D.10) for any A ∈ D̃∞ we have A ∩ {τ < t} ∈ D̃t,
(D.11) for any A ∈ D∞ we have A ∩ {τ ≤ t} ∈ Dt.
To establish (D.10) or (D.11), it is enough to consider an arbitrary set A of the form A = {τ ≤ s}
for some s ∈ R+. Notice also that for some A ∈ D̃∞ we have A ∩ {τ ≤ t} 6∈ D̃t (it is enough to
take A = {τ ≤ t}). It follows from (D.5) that any Dt-measurable random variable D is equal to a
function of τ ∧ t, therefore it is constant on the set {τ > t}, and equal to a function of τ on {τ ≤ t},.

We denote by F the right-continuous cumulative distribution function of τ, i.e., F (t) = P(τ ≤ t).
The function F is continuous (that is, P(τ = t) = 0 for any t ∈ R+) if and only if the following
condition holds:
(D.12) D̃t = Dt for any t ∈ R+.

In what follows, we shall deal with the filtration D (the corresponding results for the filtration
D̃ are thus left to the reader as exercises).

In this section, it is assumed throughout that Y is an integrable random variable on the proba-
bility space (Ω,G,P), that is, E |Y | <∞.

We start with some well known facts established for the first time in Dellacherie [7] or [8] (p.122),
and used again in Chou and Meyer [5], Liptser and Shiryaev [21], Elliott [14], Dellacherie and Meyer
[9] (p.237) or more recently in Rogers and Williams [24], among others.

Lemma 2.1 Let Y be a G-measurable random variable. Then

E (Y | Dt) = 11{τ≤t}E (Y | τ) + 11{τ>t}
E (11{τ>t}Y )

P(τ > t)
. (2.1)

Proof. We shall first check that

E (11{τ≤t}Y | D∞) = E (11{τ≤t}Y | Dt).
In view of (D.11), we have A ∩ {τ ≤ t} ∈ Dt for any A ∈ D∞. Consequently∫

A

E (11{τ≤t}Y | D∞) dP =
∫
A

11{τ≤t}Y dP =
∫
A∩{τ≤t}

Y dP =
∫
A∩{τ≤t}

E (Y | Dt) dP

=
∫
A

11{τ≤t}E (Y | Dt) dP =
∫
A

E (11{τ≤t}Y | Dt) dP

since the event {τ ≤ t} belongs to Dt. We know that the conditional expectation is constant on the
set τ > t. Therefore, to establish (2.1), we need to identify the constant c such that

E (11{τ>t}Y | Dt) = c11{τ>t},

which can be done taking the expectation of both members. 2

For easy further reference, we give a special case of the formulae above. For any t < s we have

P(τ > s | Dt) = 11{τ>t}P(τ > s | τ > t). (2.2)

Definition 2.1 The increasing function Γ : R+ → R+ given by the formula

Γ(t) = − ln (1− F (t)), ∀ t ∈ R+, (2.3)

is called the hazard function of τ. It is clear that relationship F (t) = 1− e−Γ(t) is satisfied.
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If the cumulative distribution function F is an absolutely continuous function, that is, F (t) =∫ t
0
f(u) du, for some function f : R+ → R+, then we have

F (t) = 1− e−Γ(t) = 1− e
−

∫
t

0
γ(u) du

, ∀ t ∈ R+,

where γ(t) = f(t)(1− F (t))−1. The function γ is called the intensity function of τ.

Notice that Γ(t) is well defined for any t (since by assumption F (t) < 1 for every t) and Γ(∞) :=
limt→∞ Γ(t) = ∞ (since limt→∞(1−F (t)) = 0). Also, it is clear that the intensity function γ : R+ →
R (if it exists) is a non-negative function, which is Lebesgue integrable on any bounded interval, and
such that

∫∞
0
γ(u) du = ∞.

The straightforward consequence of (2.2) appears to be useful.

Lemma 2.2 The process L given by the formula

Lt :=
1−Dt

1− F (t)
= 11{τ>t}eΓ(t) = (1−Dt)eΓ(t), ∀ t ∈ R+, (2.4)

is a D-martingale. Equivalently,

E (Ds −Dt | Dt) = (1 −Dt)
F (s)− F (t)

1− F (t)
= 11{τ>t}

F (s)− F (t)
1− F (t)

, ∀ t ≤ s, (2.5)

Proof. Let us check, for instance, that the process L given by (2.4) is a D-martingale. The first
equality in (2.2) can be rewritten as follows

E (1−Ds | Dt) = (1−Dt)
1− F (s)
1 − F (t)

= 11{τ>t} eΓ(t)−Γ(s).

This immediately yields the martingale property of L. 2

Using the hazard function Γ, we may rewrite (2.1) as follows

E (Y | Dt) = 11{τ≤t}E (Y | τ) + 11{τ>t} eΓ(t) E (11{τ>t}Y ), (2.6)

Corollary 2.1 Assume that Y is D∞-measurable, so that Y = h(τ) for some Borel measurable
function h : R+ → R. If the hazard function Γ of τ is continuous then

E (Y | Dt) = 11{τ≤t}h(τ) + 11{τ>t}

∫ ∞

t

h(u)eΓ(t)−Γ(u) dΓ(u). (2.7)

If τ admits the intensity function γ then

E (Y | Dt) = 11{τ≤t}h(τ) + 11{τ>t}

∫ ∞

t

h(u)γ(u)e−
∫

u

t
γ(v) dv

du.

In particular, for any t ≤ s we have

P(τ > s | Dt) = 11{τ>t}e
−

∫
s

t
γ(v) dv

and

P(t < τ < s | Dt) = 11{τ>t}
(
1− e

−
∫ s

t
γ(v) dv

)
.
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2.2 Martingales Associated with a Continuous Hazard Function

We know already that the D-adapted process of finite variation L given by formula (2.4) is a D-
martingale (no matter whether Γ is a continuous function or a discontinuous one). In this section,
we shall introduce further important examples of martingales associated with the hazard function.
We shall work under an additional assumption that the function Γ is continuous, however.

We shall first consider a very special case, when the cumulative distribution function F is an
absolutely continuous function, that is, when the random time τ admits the intensity function γ.
Our goal is to provide the martingale characterization of γ. To be more specific, we shall check
directly that the process

Mt := Dt −
∫ t

0

γ(u)11{u≤τ} du = Dt −
∫ t∧τ

0

γ(u) du (2.8)

follows a D-martingale. To this end, recall that by virtue of (2.5) we have

E (Ds −Dt | Dt) = 11{τ>t}
F (s)− F (t)

1− F (t)
=: I.

On the other hand,

E
(∫ t

s

γ(u)11{u≤τ} du
∣∣Dt) =

∫ t

s

γ(u)P(u ≤ τ |Dt) du

= 11{τ>t}

∫ s
t
γ(u)(1− F (u)) du

1− F (t)
= I.

This shows that the process M defined by (2.8) follows a D-martingale. We have thus established
the following well-known result.

Lemma 2.3 Assume that F (t) = 1−e−
∫

t

0
γ(u) du for some function γ : R+ → R+. Then the process

M given by (2.8) follows a D-martingale.

It appears that Lemma 2.3 remains valid when F is merely continuous. Before we state the next
result, let us recall the following lemma.

Lemma 2.4 Let g and h be two right-continuous functions with left-hand limits. If g and h are of
finite variation on [0, t] then the following integration by parts formulae are valid

g(t)h(t) = g(0)h(0) +
∫

]0,t]

g(u−) dh(u) +
∫

]0,t]

h(u) dg(u)

= g(0)h(0) +
∫

]0,t]

g(u) dh(u) +
∫

]0,t]

h(u−) dg(u)

= g(0)h(0) +
∫

]0,t]

g(u−) dh(u) +
∫

]0,t]

h(u−) dg(u) +
∑
u≤t

∆g(u)∆h(u),

where ∆g(u) = g(u)− g(u−) and ∆h(u) = h(u)− h(u−).

In what follows we shall frequently apply this lemma to stochastic processes of finite variation
(therefore, the integrals should be understood as pathwise integrals, defined for a.e. ω).

Proposition 2.1 Assume that Γ is a continuous function. Then the process of finite variation
M = Dt − Γ(t ∧ τ) follows a D-martingale. Furthermore, we have

Lt = 1−
∫

]0,t]

Lu− dMu. (2.9)
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Proof. For sake of brevity, we prefer to make use of Lemma 2.2, rather than to rely on direct
calculations. It is clear that M follows a D-adapted integrable process. Using the integration by
parts formula for functions of finite variation1, we obtain

Lt = (1−Dt)eΓ(t) = 1 +
∫

]0,t]

eΓ(u)
(
(1−Du) dΓ(u)− dDu

)
(2.10)

since Γ is a continuous increasing function. This in turn yields

Mt = Dt − Γ(t ∧ τ) =
∫

]0,t]

(
dDu − (1−Du) dΓ(u)

)
= −

∫
]0,t]

e−Γ(u) dLu,

and thus M is manifestly a D-martingale. To establish (2.9), notice that (2.10) can be rewritten as
follows

Lt = 1 +
∫

]0,t]

eΓ(u)(1 −Du−)(dΓ(u ∧ τ) − dDu) = 1−
∫

]0,t]

Lu− dMu.

This ends the proof. 2

Proposition 2.2 Assume that Γ is a continuous function. Then for any Borel measurable function
h : R+ → R such that the random variable h(τ) is integrable, the process

M̂h
t = 11{τ≤t}h(τ) −

∫ t∧τ

0

h(u) dΓ(u) (2.11)

is a D-martingale.

Proof. We shall establish the assertion through the direct verification of the martingale property
of the process M̂h given by formula (2.11). Therefore, the demonstration given below provides also
an alternative proof of Proposition 2.1. First, formula (2.7) in Corollary 2.1 yields

I := E
(
h(τ)11{t<τ≤s} | Dt

)
= 11{τ>t}eΓ(t)

∫ s

t

h(u)e−Γ(u) dΓ(u).

On the other hand, Corollary 2.1 leads to

J := E
(∫ s∧τ

t∧τ
h(u) dΓ(u)

∣∣∣Dt) = 11{τ>t}eΓ(t)
(∫ s

t

h̃(u)e−Γ(u) dΓ(u) + e−Γ(s)h̃(s)
)

where we set h̃(s) =
∫ s
t
h(u) dΓ(u). To conclude the proof, it is enough to observe that the Fubini

theorem yields∫ s

t

e−Γ(u)

∫ u

t

h(v) dΓ(v) dΓ(u) + e−Γ(s)h̃(s) =
∫ s

t

h(u)
∫ s

u

e−Γ(v) dΓ(v) dΓ(u)

+ e−Γ(s)

∫ s

t

h(u) dΓ(u) =
∫ s

t

h(u)e−Γ(u) dΓ(u),

as expected. 2

Remarks. It is apparent that M̂h admits the following integral representation (which shows that the
martingale property of M̂h is also a straightforward consequence of Proposition 2.1)

M̂h
t =

∫
]0,t]

h(u) dMu.

1Or equivalently, a version of Itô’s formula for discontinuous semimartingales (see, for instance, [14] or [23]).
Notice that since M follows a processes of finite variation, it is a purely discontinuous martingale, in the terminology
of stochastic analysis. Whenever possible, we shall avoid making use of the results from the modern martingale theory.
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Corollary 2.2 Assume that Γ is a continuous function. Let h : R+ → R be a Borel measurable
function such that the random variable Y = eh(τ) is integrable. Then the process

M̃h
t = exp

(
11{τ≤t}h(τ)

) − ∫ t∧τ

0

(eh(u) − 1) dΓ(u) (2.12)

is a D-martingale.

Proof. Notice that

exp
(
11{τ≤t}h(τ)

) − 1 = 11{τ≤t}eh(τ) + 11{τ>t} − 1 = 11{τ≤t}eh(τ) −Dt

and thus

M̃h
t = 11{τ≤t}eh(τ) −

∫ t∧τ

0

eh(u) dΓ(u)−Mt.

It is thus enough to apply Proposition 2.2. 2

Corollary 2.3 Assume that Γ is a continuous function. Let h : R+ → R be a non-negative Borel
measurable function such that the random variable h(τ) is integrable. Then the process

M̄h
t = (1 + 11{τ≤t}h(τ)) exp

(
−

∫ t∧τ

0

h(u) dΓ(u)
)

(2.13)

is a D-martingale.

Proof. Let us denote by U the decreasing continuous process

Ut = exp
(
−

∫ t∧τ

0

h(u) dΓ(u)
)
.

It is apparent that

1 + 11{τ≤t}h(τ) = 1 +
∫

]0,t]

h(u) dDu =: Hh
t .

An application of the integration by parts formula yields

dM̄h
t = d(Hh

t Ut) = Uth(t) dDt − (1 + 11{τ≤t}h(τ))Uth(t) dΓ(t ∧ τ).
Consequently,

dM̄h
t = Uth(t) d(Dt − Γ(t ∧ τ)) = Uth(t) dMt. 2

2.3 Martingale Representation Theorem

The following result is an extension of a well known result, established when F is absolutely contin-
uous (see, for instance, Brémaud [3]).

Proposition 2.3 Assume that F is a continuous function. Let Mh
t := E (h(τ) | Dt) for some Borel

measurable function h : R → R such that the random variable h(τ) is integrable. Then

Mh
t = Mh

0 +
∫

]0,t]

ĥ(u) dMu, (2.14)

where Mt = Dt − Γ(t ∧ τ), and ĥ is given by

ĥ(t) = h(t)− eΓ(t) E
(
h(τ)11{τ>t}

)
. (2.15)
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Proof. By virtue of (2.7), the left-hand side in (2.14) equals

I = E (h(τ) | Dt) = Dth(τ) + (1−Dt)g(t),

where the function g : R → R equals

g(t) := eΓ(t)E
(
11{τ>t}h(τ)

)
= eΓ(t)

∫ ∞

t

h(u) dF (u). (2.16)

On the other hand, the right-hand side in (2.14) can be rewritten as follows

J = g(0) +
∫

]0,t]

ĥ(u) dMu

= g(0) +
∫

]0,t]

(h(u)− g(u)) d(Du − Γ(u ∧ τ))

= g(0) +Dt(h(τ) − g(τ)) +
∫ t∧τ

0

(g(u)− h(u)) dΓ(u)

= g(0) +Dth(τ) + (1−Dt)g(t)− g(t ∧ τ) +
∫ t∧τ

0

(g(u)− h(u)) dΓ(u)

To check that I = J, it is thus enough to show that

g(t ∧ τ) = g(0) +
∫ t∧τ

0

(g(u)− h(u)) dΓ(u),

or equivalently, that for every t ∈ R+

g(t) = g(0) +
∫ t

0

(g(u)− h(u)) dΓ(u).

In other words, we need to verify that

eΓ(t)

∫ ∞

t

h(u) dF (u) =
∫ ∞

0

h(u) dF (u) +
∫ t

0

eΓ(u)(g(u)− h(u)) dF (u).

To this end, notice that Fubini’s theorem yields (recall that eΓ(u)dF (u) = dΓ(u))∫ t

0

eΓ(u)g(u) dF (u) =
∫ t

0

e2Γ(u)

∫ ∞

u

h(v) dF (v) dF (u)

=
∫ t

0

h(v)
∫ v

0

eΓ(u) dΓ(u) dF (v) +
∫ ∞

t

h(v)
∫ t

0

eΓ(u) dΓ(u) dF (v)

=
∫ t

0

h(u)
(
eΓ(u) − 1) dF (u) +

(
eΓ(t) − 1

) ∫ ∞

t

h(u) dF (u).

This completes the proof. 2

Notice that representation (2.14 ) can also be rewritten as follows (cf. formula (3.25))

Mh
t = Mh

0 +
∫

]0,t]

(h(u)−Mh
u−) dMu. (2.17)

Remarks. Since any D∞-measurable random variable X is of the form X = h(τ), we deduce from
Proposition 2.3 that any D-martingale admits the representation (2.14) and thus is a purely discontin-
uous martingale (as a martingale of finite variation). Put another way, any continuous D-martingale
is constant.
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2.4 Change of a Probability Measure

Let P∗ be an arbitrary probability measure on (Ω,D∞), which is absolutely continuous with respect
to P. We denote by η the D∞ measurable density of P∗ with respect to P

η :=
dP∗

dP
= h(τ) ≥ 0, P-a.s., (2.18)

where h : R → R+ is a Borel measurable function satisfying

EP(h(τ)) =
∫ ∞

0

h(u) dF (u) = 1.

We can use Girsanov’s theorem. Nevertheless, we prefer here to establish this theorem in our
particular setting. We write EP (EP∗ , resp.) to denote the expected value with respect to the
probability measure P (P∗, resp.) Of course, the probability measure P∗ is equivalent to P if and
only if the inequality in (2.18) is strict P-a.s. Furthermore, we shall assume that P∗(τ = 0) = 0
and P∗(τ > t) > 0 for any t ∈ R+. Actually the first condition is satisfied for any P∗ absolutely
continuous with respect to P. For the second condition to hold, it is sufficient and necessary to
assume that for every t

P∗(τ > t) = 1− F ∗(t) =
∫

]t,∞[

h(u) dF (u) > 0,

where the c.d.f. F ∗ of τ under P∗

F ∗(t) := P∗(τ ≤ t) =
∫

[0,t]

h(u) dF (u). (2.19)

Put another way, we assume that (cf. (2.16))

g(t) = eΓ(t)E
(
11{τ>t}h(τ)

)
= eΓ(t)

∫
]t,∞[

h(u) dF (u) = eΓ(t) P∗(τ > t) > 0.

We assume throughout that this is the case, so that the hazard function Γ∗ of τ with respect to P∗

is well defined. Our goal is to examine relationships between hazard functions Γ∗ and Γ. It is easily
seen that in general we have

Γ∗(t)
Γ(t)

=
ln

( ∫
]t,∞[ h(u) dF (u)

)
ln(1− F (t))

=: g∗(t), (2.20)

since by definition Γ∗(t) = − ln(1− F ∗(t)).

Assume first that F is an absolutely continuous function, so that the intensity function γ of τ
under P is well defined. Recall that γ is given by the formula

γ(t) =
f(t)

1− F (t)
.

On the other hand, the c.d.f. F ∗ of τ under P∗ now equals

F ∗(t) := P∗(τ ≤ t) = EP(11{τ≤t}h(τ)) =
∫ t

0

h(u)f(u) du.

so that F ∗ follows an absolutely continuous function. Therefore, the intensity function γ∗ of the
random time τ under P∗ exists, and it is given by the formula

γ∗(t) =
h(t)f(t)
1− F ∗(t)

=
h(t)f(t)

1− ∫ t
0 h(u)f(u) du

.
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To derive a more straightforward relationship between the intensities γ and γ∗, let us introduce an
auxiliary function h∗ : R+ → R, given by the formula h∗(t) = h(t)/g(t).

Notice that

γ∗(t) =
h(t)f(t)

1− ∫ t
0
h(u)f(u) du

=
h(t)f(t)∫∞

t h(u)f(u) du
=

h(t)f(t)
e−Γ(t)g(t)

= h∗(t)
f(t)

1− F (t)
= h∗(t)γ(t).

This means also that dΓ∗(t) = h∗(t) dΓ(t). It appears that the last equality holds true if F is merely
a continuous function. Indeed, if F (and thus F ∗) is continuous, we get

dΓ∗(t) =
dF ∗(t)

1− F ∗(t)
=
d(1 − e−Γ(t)g(t))

e−Γ(t)g(t)
=
g(t)dΓ(t) − dg(t)

g(t)
= h∗(t) dΓ(t).

To summarize, if the hazard function Γ is continuous then Γ∗ is also continuous and dΓ∗(t) =
h∗(t) dΓ(t).

To understand better the origin of the function h∗, let us introduce the following non-negative
P-martingale (which is strictly positive when the probability measures P∗ and P are equivalent)

ηt :=
dP∗

dP |Dt

= EP(η | Dt) = EP(h(τ) | Dt), (2.21)

so that ηt = Mh
t . The general formula for ηt reads (cf. (2.6))

ηt = 11{τ≤t}h(τ) + 11{τ>t} eΓ(t)

∫
]t,∞[

h(u) dF (u) = 11{τ≤t}h(τ) + 11{τ>t}g(t).

Assume now that F is a continuous function. Then also (cf. (2.7))

ηt = 11{τ≤t}h(τ) + 11{τ>t}

∫ ∞

t

h(u)eΓ(t)−Γ(u) dΓ(u).

On the other hand, using (2.14) and (2.17), we get

Mh
t = Mh

0 +
∫

]0,t]

Mh
u−(h∗(u)− 1) dMu

where h∗(u) = h(u)/g(u). We conclude that

ηt = 1 +
∫

]0,t]

ηu−(h∗(u)− 1) dMu. (2.22)

It is thus easily seen that

ηt =
(
1 + 11{τ≤t}v(τ)) exp

(
−

∫ t∧τ

0

v(u) dΓ(u)
)
, (2.23)

where we write v(t) = h∗(t)−1. Therefore, the martingale property of the process η, which is obvious
from (2.21), is also a consequence of Corollary 2.3.

Remarks. In view of (2.22), we have

ηt = Et
( ∫ ·

0

(h∗(u)− 1) dMu

)
,

where E stands for the Doléans exponential. Representation (2.23) for the random variable ηt
can thus be obtained from the general formula for the Doléans exponential. Recall that if X is a
semimartingale, then the process Z = E(X) is the unique solution to the SDE

Zt = 1 +
∫

]0,t]

Zu− dXu.
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It is known that
Et(X) = exp

(
Xt −X0 − 1

2 〈Xc〉t
) ∏
u≤t

(1 + ∆Xu)e−∆Xu ,

where Xc is the continuous martingale component of X.

We are in the position to formulate the following result (all statements were already established
above).

Proposition 2.4 Let P∗ be any probability measure on (Ω,D∞) absolutely continuous with respect
to P, so that (2.18) holds for some function h. Assume that P∗(τ > t) > 0 for every t ∈ R+. Then

dP∗

dP |Dt

= Et
(∫ ·

0

(h∗(u)− 1) dMu

)
, (2.24)

where
h∗(t) = h(t)/g(t), g(t) = eΓ(t)

∫ ∞

t

h(u) dF (u),

and Γ∗(t) = g∗(t)Γ(t) with

g∗(t) =
ln

( ∫
]t,∞[

h(u) dF (u)
)

ln(1− F (t))
. (2.25)

If, in addition, the random time τ admits the intensity function γ under P, then the intensity function
γ∗ of τ under P∗ satisfies γ∗(t) = h∗(t)γ(t) a.e. on R+. More generally, if the hazard function Γ
of τ under P is continuous, then the hazard function Γ∗ of τ under P∗ is also continuous, and it
satisfies dΓ∗(t) = h∗(t) dΓ(t).

Corollary 2.4 If F is continuous then M∗
t = Dt − Γ∗(t ∧ τ) is a D-martingale under P∗.

Proof. In view Proposition 2.1, the assertion is an immediate consequence of the continuity of Γ∗.
Alternatively, we may check directly that the product Ut = ηtM

∗
t = ηt(Dt − Γ∗(t ∧ τ)) follows a

D-martingale under P. To this end, observe that the integration by parts formula for functions of
finite variation yields

Ut =
∫

]0,t]

ηt− dM∗
t +

∫
]0,t]

M∗
t dηt

=
∫

]0,t]

ηt− dM∗
t +

∫
]0,t]

M∗
t− dηt +

∑
u≤t

∆M∗
u∆ηu

=
∫

]0,t]

ηt− dM∗
t +

∫
]0,t]

M∗
t− dηt + 11{τ≤t}(ητ − ητ−).

Using (2.22), we obtain

Ut =
∫

]0,t]

ηt− dM∗
t +

∫
]0,t]

M∗
t− dηt + ητ−11{τ≤t}(h∗(τ) − 1)

=
∫

]0,t]

ηt− d
(
Γ(t ∧ τ) − Γ∗(t ∧ τ) + 11{τ≤t}(h∗(τ)− 1)

)
+Nt,

where the process N, which equals

Nt =
∫

]0,t]

ηt− dMt +
∫

]0,t]

M∗
t− dηt

is manifestly a D-martingale with respect to P. It remains to show that the process

N∗
t := Γ(t ∧ τ) − Γ∗(t ∧ τ) + 11{τ≤t}(h∗(τ) − 1)



M.Jeanblanc & M.Rutkowski 13

follows a D-martingale with respect to P. By virtue of Proposition 2.2, the process

11{τ≤t}(h∗(τ) − 1) + Γ(t ∧ τ) −
∫ t∧τ

0

h∗(u) dΓ(u)

is a D-martingale. Therefore, to conclude the proof it is enough to notice that∫ t∧τ

0

h∗(u) dΓ(u)− Γ∗(t ∧ τ) =
∫ t∧τ

0

(h∗(u) dΓ(u)− dΓ∗(u)) = 0,

where the last equality is a consequence of the relationship dΓ∗(t) = h∗(t) dΓ(t) established in
Proposition 2.4. 2

By virtue of Proposition 2.1 if Γ∗ is a continuous function then the process M∗ = Dt−Γ∗(t∧ τ)
follows a D-martingale under P∗. The next result suggests that this martingale property uniquely
characterizes the (continuous) hazard function of a random time. We shall examine this issue in
more detail in Section 2.6.

Lemma 2.5 Suppose that an equivalent probability measure P∗ is given by formula (2.18) for some
function h. Let Λ∗ : R+ → R+ be an arbitrary continuous increasing function, with Λ∗(0) = 0. If the
process M∗

t := Dt − Λ∗(t ∧ τ) follows a D-martingale under P∗, then Λ∗(t) = − ln (1 − F ∗(t)) with
F ∗ given by formula (2.24).

Proof. The Bayes rule implies

EP∗(M∗
t | Ds) =

EP(M∗
t η | Ds)

EP(η | Ds) = η−1
s EP(M∗

t ηt | Ds)

and thus

EP∗(M∗
t | Ds) =

EP

(
(Dt − Λ∗(t ∧ τ))(Dth(τ) + (1−Dt)g(t))

∣∣Ds)
Dsh(τ) + (1−Ds)g(s)

,

or equivalently

EP∗(M∗
t | Ds) =

EP

(
Dth(τ)−DtΛ∗(t ∧ τ)h(τ) − (1 −Dt)Λ∗(t ∧ τ)g(t)

∣∣Ds)
Dsh(τ) + (1−Ds)g(s)

.

This means that
EP∗(M∗

t | Ds) =
J

Dsh(τ) + (1−Ds)g(s)
,

where we write

J = EP

(
Dth(τ) −DtΛ∗(t ∧ τ)h(τ) − (1−Dt)Λ∗(t ∧ τ)g(t)

∣∣Ds).
Using (2.1), we obtain

J = Dsh(τ)−DsΛ∗(τ)h(τ)− (1−Ds)(1−F (s))−1 EP

(
11{s<τ≤t}(Λ∗(τ)− 1)h(τ) + 11{τ>t}Λ∗(t)g(t)

)
and thus the martingale condition EP∗(M∗

t | Ds) = M∗
s , is equivalent to the following equality

(1 −Ds)(1− F (s))−1 EP

(
11{s<τ≤t}(Λ∗(τ) − 1)h(τ) + 11{τ>t}Λ∗(t)g(t)

)
= Λ∗(s)(1 −Ds)g(s).

Therefore, for every s ≤ t we have

EP

(
11{s<τ≤t}(Λ∗(τ) − 1)h(τ) + 11{τ>t}Λ∗(t)g(t)

)
= Λ∗(s)(1 − F (s))g(s)

so that ∫ t

s

(Λ∗(u)− 1)h(u) dF (u) + Λ∗(t)g(t)(1 − F (t)) = Λ∗(s)
∫ ∞

s

h(u) dF (u),
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and finally, ∫ t

s

(Λ∗(u)− 1) dF ∗(u) + Λ∗(t)(1 − F ∗(t)) = Λ∗(s)(1 − F ∗(s)).

After simple manipulations involving the integration by parts, we get for s ≤ t∫ t

s

(1− F ∗(u)) dΛ∗(u) = F ∗(t)− F ∗(s),

and since Λ∗(0) = F ∗(0) = 0, we find that Λ∗ = − ln (1− F ∗(t)). 2

2.5 Applications to the Valuation of Defaultable Claims

Let us fix T > 0. We assume that the continuously compounded interest rate r follows a non-negative
deterministic function so that the price at time t of a unit default-free zero-coupon bond of maturity
T equals

B(t, T ) = e
−

∫
T

t
r(v) dv

, ∀ t ∈ [0, T ].

Our goal is to find quasi-explicit expressions for “values” of certain defaultable claims. Let us assume
that Y = 11{τ≤T} h(τ) + 11{τ>T} c, where c is a constant. If Γ is continuous then (2.7) yields

E (Y | Dt) = 11{τ≤t}h(τ) + 11{τ>t}
(∫ T

t

h(u)eΓ(t)−Γ(u) dΓ(u) + ceΓ(t)−Γ(T )
)
.

Similarly, for a fixed t ≤ T denote by Yt the random variable (discounted payoff at time t)

Yt = 11{τ≤T} h(τ)e
−

∫ τ

t
r(v) dv + 11{τ>T} ce

−
∫ T

t
r(v) dv

. (2.26)

If Γ is an absolutely continuous function, then we get

E (Yt | Dt) = 11{τ≤t}h(τ)e
∫

t

τ
r(v) dv + 11{τ>t}

(∫ T

t

h(u)γ(u)e−
∫

u

t
r̂(v) dv

du+ ce
−

∫
T

t
r̂(v) dv

)
,

where r̂(v) = r(v) + γ(v).

(a) The case of a defaultable zero-coupon T -maturity bond with zero recovery corresponds to h = 0
and c = 1 in (2.26). If we denote the “value” at time t of such a bond by D0(t, T ) then we have

D0(t, T ) = 11{τ>t}e
−

∫ T

t
(r(v)+γ(v)) dv

, ∀ t ∈ [0, T ].

(b) Assume now that h = δ for some constant 0 < δ ≤ 1 and c = 1. Put more explicitly, we consider
the random variable Ỹ δt which equals

Ỹ δt = 11{τ≤T} δe
−

∫ τ

t
r(v) dv + 11{τ>T} e

−
∫ T

t
r(v) dv

.

In this case, for D̃δ(t, T ) := E (Ỹ δt | Dt) we get

D̃δ(t, T ) = 11{τ≤t}δe
∫

τ

t
r(v) dv + 11{τ>t}

(
δ

∫ T

t

h(u)γ(u)e−
∫

u

t
r̂(v) dv

du+ ce
−

∫
T

t
r̂(v) dv

)
.

Notice that D̃δ(t, T ) represents the value at time t of a T -maturity defaultable bond which pays a
constant payoff δ at time of default, if default takes place before maturity date T.

(c) Let us finally consider the following random variable

Y δt =
(
11{τ≤T}δ + 11{τ>T}

)
e
−

∫ T

t
r(v) dv = B(t, T )

(
11{τ≤T}δ + 11{τ>T}

)
.
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Equivalently, we have

Y δt = 11{τ≤T}δe
−

∫
T

τ
r(v) dv

e
−

∫
τ

t
r(v) dv + 11{τ>T}e

−
∫

T

t
r(v) dv

,

and the last expression leads to h(τ) = δe
−

∫ T

τ
r(v) dv

, c = 1, in formula (2.26). The above specifi-
cation of Y δt corresponds to a defaultable zero-coupon T -maturity bond with fractional recovery of
par. This means that the bond pays δ at maturity T if default occurs before maturity (otherwise, it
pays the face value 1). For the value Dδ(t, T ) := E (Y δt | Dt) of such a bond we get

Dδ(t, T ) = 11{τ≤t}δB(t, T ) + 11{τ>t}δB(t, T )
(
1− e

−
∫

T

t
γ(v) dv) + 11{τ>t}e

−
∫

T

t
r̂(v) dv

. (2.27)

2.6 Martingale Characterization of the Hazard Function

In view of Lemma 2.5, the natural question which arises in this context reads: does the D-martingale
property of the process Dt − Γ(t ∧ τ) uniquely characterize the hazard function of τ? To examine
this problem, it is useful to notice that the process At := Γ(t ∧ τ) satisfies: (i) A is an increasing,
continuous, D-adapted process, and (ii) D − A is a D-martingale. It is thus clear that A is a dual
predictable projection (or D-compensator) of the increasing, right-continuous, D-adapted process D.
We shall see that the answer to the question formulated above is indeed positive when the hazard
function Γ is a continuous function.

It is useful to observe that when Γ is discontinuous, equality (2.10) takes the following form

Lt = L0 +
∫

]0,t]

(1−Du) deΓ(u) −
∫

]0,t]

eΓ(u−) dDu,

that is (we write ∆Γ(s) = Γ(s)− Γ(s−)),

Lt = 1 +
∫

]0,t]

eΓ(u−)
(
(1−Du) dΓ(u)− dDu

)
+

∑
s≤t, s<τ

(
eΓ(s) − eΓ(s−) − eΓ(s−) ∆Γ(s)

)
.

Let us stress that both A and Γ exist for arbitrary random time τ, and are unique. We find it
convenient to introduce the notion of a martingale hazard function of a random time.

Definition 2.2 An increasing function Λ : R+ → R such that Λ(0) = 0 is called a martingale
hazard function of a random time τ with respect to the natural filtration D if and only if the process
Dt − Λ(t ∧ τ) is a D-martingale.

The function Λ can also be seen as a F
0-adapted right-continuous stochastic process, where F

0 is
the trivial filtration, F0

t = F0 = {∅,Ω} for every t ∈ R+. We shall sometimes find it useful to refer
to the martingale hazard function as the (F0,D)-martingale hazard process of a random time τ. The
reason for this convention will become clear in Section 4, where the notion of a martingale hazard
process with respect to a non-trivial filtration F is examined.

Proposition 2.5 (i) The (unique) martingale hazard function of τ with respect to D is the right-
continuous increasing function Λ given by the formula

Λ(t) =
∫

]0,t ]

dF (u)
1− F (u−)

=
∫

]0,t ]

dP(τ ≤ u)
1−P(τ < u)

, ∀ t ∈ R+. (2.28)

(ii) The martingale hazard function Λ is continuous if and only if the c.d.f. F is continuous. In this
case, Λ satisfies Λ(t) = − ln (1− F (t)) (equivalently, F (t) = 1− e−Λ(t)).
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(iii) The martingale hazard function Λ coincides with the hazard function Γ if and only if F is a
continuous function. In general

e−Γ(t) = e−Λc(t)
∏

0≤u≤t
(1 −∆Λ(u)), (2.29)

where Λc(t) = Λ(t)− ∑
0≤u≤t ∆Λ(u), and ∆Λ(u) = Λ(u)− Λ(u−).

(iv) If F is an absolutely continuous function then

Λ(t) = Γ(t) =
∫ t

0

f(u)(1− F (u))−1 du. (2.30)

Proof. We shall first focus on Λ. The definition of Λ implies that E (Dt) = E (Λ(t ∧ τ)), that is
(recall that F (0) = 0),

F (t) =
∫

]0,t ]

Λ(u) dF (u) + Λ(t)(1− F (t)) (2.31)

The first equality shows that Λ is necessarily a right-continuous function. If Λ1 and Λ2 are right-
continuous functions which satisfy (2.31) then for every t ∈ R+∫

]0,t ]

(Λ1(u)− Λ2(u)) dF (u) + (Λ1(t)− Λ2(t))(1− F (t)) = 0.

This shows, by standard contraction arguments, that the martingale hazard function Λ, if it exists,
is unique (a similar argument applies to Λ̃).

To establish (i), it is enough to check that for any t ≤ s we have (cf. (2.5))

E (Ds −Dt | Dt) = 11{τ>t}
F (s)− F (t)

1− F (t)
= 11{τ>t}E (Yτ | Dt),

where the process Y is defined as

Yu =
∫

]t∧u,s∧u]

dF (v)
1− F (v−)

.

The random variable E (Yτ | Dt) is equal to a constant on the set τ > t

11{τ>t}E
(∫

]τ∧s,τ∧t]

dF (u)
1− F (u−)

∣∣∣Ds) = 11{τ>t} g(t),

where

g(t) =
1

1− F (t)
E

(
11{t<τ}

∫
]τ∧t,τ∧s]

dF (u)
1− F (u−)

)

=
1− F (s)
1− F (t)

∫
]t,s]

dF (u)
1− F (u−)

− 1
1− F (t)

∫
]t,s]

dF (v)
∫

]s,v]

dF (u)
1− F (u−)

.

Applying Fubini’s theorem, we conclude that g(t) =
F (s)− F (t)

1− F (s)
. This completes the proof of (i).

Statements (ii)-(iv) are almost immediate consequences of (i) and the definition of a hazard function.
Let us only observe that at any point of discontinuity of F we have

∆Λ(t) := Λ(t)− Λ(t−) =
F (t)− F (t−)

1− F (t−)
.

On the other hand, for the hazard function Γ we obtain

e−∆Γ(t) = e−(Γ(t)−Γ(t−)) =
1− F (t)

1− F (t−)
= 1−∆Λ(t). (2.32)
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This shows that the martingale hazard function Λ and the hazard function Γ cannot coincide when
F is discontinuous. In view of (2.32), relationship (2.29) is also easy to establish. 2

As was already mentioned, the notion of a martingale hazard function is closely related to the
D-compensator of τ (or rather, the D-compensator of the associated jump process D). Let us first
recall the definition of a compensator of an increasing process. In our context, it can be stated as
follows.

Definition 2.3 A process A is called a D-compensator of the jump process D if and only if the
following hold: (i) A is a D-predictable right-continuous increasing process, with A0 = 0, (ii) the
process H −A is a D-martingale.

Using the well-known result on the existence and uniqueness of the Doob-Meyer decomposition
with respect to the filtration D which satisfies the ‘usual conditions,’ it is easy to check that a process
A is a D-compensator of the jump process D if and only if At = Λ(t∧ τ), where Λ is the martingale
hazard function of τ. Therefore, we have the following result.

Lemma 2.6 The unique D-compensator A of a random time τ is given by the formula

At =
∫

]0,t∧τ ]

dF (u)
1− F (u−)

= Λ(t ∧ τ), ∀ t ∈ R+. (2.33)

Proof. In view of the definition of the martingale hazard function and Proposition 2.5, it is enough
to check that the process At = Λ(t ∧ τ), is D-predictable. But this is obvious, since t → t ∧ τ is a
continuous D-adapted process, so that it is D-predictable. 2

Combining part (ii) in Proposition 2.5 with Lemma 2.6 we get immediately the following corollary.

Corollary 2.5 The hazard function Γ of τ is related to the D-compensator A of the jump process
D through the formula At = Γ(t ∧ τ) if and only if the cumulative distribution function F of τ is
continuous.

3 Hazard Process of a Random Time

In this section, previously introduced concepts are extended to the case when a larger flow of
information – formally represented by a filtration G – is available. Generally speaking, our goal
is to establish useful formulae for the conditional expectation of the form E (Y | Gt).

3.1 Hazard Process Γ

As before, we denote by τ a non-negative random variable on a probability space (Ω,G,P), such
that P(τ = 0) = 0 and P(τ > t) > 0 for any t ∈ R+. We introduce a right-continuous process
D by setting Dt = 11{τ≤t}, and we denote by D the associated filtration: Dt = σ(Du : u ≤ t).
Let G = (Gt) t≥0 be an arbitrary filtration2 on (Ω,G,P). For each t, the σ-field Gt is assumed to
represent all observations available at time t. We shall consider the following case:

We assume that we are given an auxiliary filtration3 F such that G = D∨F, that is, Gt = Dt∨Ft
for every t. Then, for every t, we have Dt ⊂ Gt, that is, the random time τ is observed at any time
t, and τ is a G-stopping time.

2Recall that all filtrations are assumed to be (P,G)-completed. We assume also that the enlarged filtration G

satisfies the ‘usual conditions.’
3In most applications, F is the natural filtration of a certain stochastic process.
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The process D is obviously G-adapted, but not necessarily F-adapted. In other words, τ is a
G-stopping time, but not necessarily a F-stopping time.

For any t ∈ R+, we write Ft = P(τ ≤ t | Ft), so that 1 − Ft = P(τ > t | Ft). It is easily seen
that F (1 − F, resp.) is a bounded, non-negative F-submartingale (F-supermartingale, resp.) We
may thus deal with the right-continuous modification of F. The next definition is a straightforward
generalization of Definition 2.1.

Definition 3.1 Assume that Ft < 1 for every t ∈ R+. The F-hazard process of τ, denoted by Γ, is
defined through the formula 1− Ft = e−Γt , or equivalently, Γt = − ln (1− Ft) for every t ∈ R+.

In Section 3.1, it is assumed throughout that the inequality Ft < 1 holds for every t, so that the
F-hazard process Γ is well defined. It should be stressed that the case when τ is a F-stopping time,
that is, the case when F = G, is not dealt with in this section (we postpone the study of the case of
a F-stopping time to Section 4.5).

Remarks. For given filtrations D ⊂ G, the equality Gt = Dt ∨ Ft does not specify uniquely an
auxiliary filtration F. For instance, when Gt = Dt, we may take F = F

0 (as in the previous section),
but also F = D (or any other sub-filtration of D for that matter). At the intuitive level, given the
random time τ and the associated filtration D, we are interested in a filtration F̂ which represents
an additional flow of informations.4 To be a bit more specific, one could search for the ‘minimal’
filtration F̂ for which G = D ∨ F̂, where the concept of minimality needs to be examined. The
ultimate goal could be to provide a representation of the conditional expectation E (Y | Gt) in terms
of the random time τ and the hazard process of τ with respect to F̂.

3.1.1 Evaluation of Conditional Expectation with respect to G

We start with the following two lemmas.

Lemma 3.1 We have Gt ⊂ G∗t , where

G∗t :=
{
A ∈ G | ∃B ∈ Ft A ∩ {τ > t} = B ∩ {τ > t}}.

Proof. Observe that Gt = Dt ∨Ft = σ(Dt,Ft) = σ({τ ≤ u}, u ≤ t, Ft). Also, it is easily seen that
the class G∗t is a sub-σ-field of G. Therefore, it is enough to check that if either A = {τ ≤ u} for
some u ≤ t or A ∈ Ft, then there exists an event B ∈ Ft such that A ∩ {τ > t} = B ∩ {τ > t}.
Indeed, in the former case we may take B = ∅, in the latter B = A. 2

Lemma 3.2 For any G-measurable random variable Y we have, for any t ∈ R+,

E (11{τ>t}Y | Gt) = 11{τ>t}
E (11{τ>t}Y | Ft)

P(τ > t | Ft) = 11{τ>t}eΓtE (11{τ>t}Y | Ft). (3.1)

Proof. This follows from the observation (cf. Lemma 3.1) that any Gt-measurable random variable
coincides on the set {τ > t} with some Ft-measurable random variable. Therefore,

E (11{τ>t}Y | Gt) = 11{τ>t}Z

where Z is a Ft-measurable random variable, and taking expectation with respect to Ft, we get

E (11{τ>t}Y | Ft) = P (τ > t | Ft)Z. 2

In the next result, we take t < s ≤ ∞.

4Let us emphasize that, typically, filtrations D and F are not independent.
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Proposition 3.1 i) Assume that F follows a process of finite variation (not necessarily continuous).
Let h : R+ → R be a (bounded) Borel measurable function. Then

E (11{t<τ≤s}h(τ) | Gt) = 11{τ>t}eΓt E
(∫

]t,s]

h(u) dFu
∣∣∣Ft). (3.2)

ii) In the general case, let Z be a (bounded) F-predictable process. Then for any t ≤ s

E (11{t<τ≤s}Zτ | Gt) = 11{τ>t}eΓt E
(∫

]t,s]

Zu dFu

∣∣∣Ft). (3.3)

Proof. Let us first prove (3.2). In view of (3.1), it is enough to check that the following equality
holds

E (11{t<τ≤s} h(τ) | Ft) = E
(∫ s

t

h(u) dFu
∣∣∣Ft).

We consider first a stepwise function h(u) =
∑n
i=0 hi11]ti,ti+1](u), where, w.l.o.g., t0 = t < · · · <

tn+1 = s. Then we have

E (11{t<τ≤s}h(τ) | Ft) =
n∑
i=0

E
(
E (hi11]ti,ti+1](τ) | Fti+1)

∣∣Ft)

= E
( n∑
i=0

hi(Fti+1 − Fti)
∣∣∣Ft)

= E
( n∑
i=0

∫ ti+1

ti

h(u) dFu
∣∣∣Ft)

= E
(∫ s

t

h(u) dFu
∣∣∣Ft).

In the second step we approximate an arbitrary (bounded) measurable function by a sequence of
stepwise functions.

The proof of (3.3) is similar. We start by assuming that Z is a stepwise F-predictable process,
so that (we are interested only in values of Z for u > t)

Zu =
n∑
i=0

Zti11]ti,ti+1](u),

where t0 = t < · · · < tn+1 = s. In view of (3.5), for any i we have

E
(
11{ti<τ≤ti+1} Zτ | Gt

)
= 11{τ>t}eΓt E

(
11{ti<τ≤ti+1}Zti | Ft

)
.

Then we proceed along the similar lines as in the first part of the proof. 2

Let us remark that Proposition 3.1 remains valid if F = G, that is, when τ is a F-stopping
time. However, in this case, it does not provide an interesting result. The left-hand member is
E (11{t<τ≤s}Zτ | Ft). Since Ft = 11{τ≤t}, the random variable Γt is equal to 0 on the set {τ > t},
and the right-hand member is obviously equal to E (11{t<τ≤s}Zτ | Ft).

Corollary 3.1 Let Y be a G-measurable random variable. Then for any t ≤ s

E (11{τ>s} Y | Gt) = 11{τ>t}E (11{τ>s} eΓtY | Ft), (3.4)

and
E (11{t<τ≤s} Y | Gt) = 11{τ>t}E (11{t<τ≤s} eΓtY | Ft). (3.5)
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Furthermore, for any Fs-measurable random variable Y we have

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΓt−Γs | Ft). (3.6)

If F (and thus also Γ) follows a continuous increasing process then

E (11{t<τ≤s}h(τ) | Gt) = 11{τ>t}E
(∫ s

t

h(u)eΓt−Γu dΓu
∣∣∣Ft) (3.7)

and, for a F predictable process Z

E (11{t<τ≤s}Zτ | Gt) = 11{τ>t}E
(∫ s

t

Zue
Γt−Γu dΓu

∣∣∣Ft). (3.8)

Proof. In view of (3.1), to show that (3.4) holds it is enough to observe that 11{τ>s} = 11{τ>t}11{τ>s}.
Equalities (3.5)-(3.6) are straightforward consequences of (3.4). The formulae (3.7)-(3.8) are imme-
diate consequences of formulae (3.2)-(3.3). For instance

E
(∫ s

t

h(u)e−Γu dΓu
∣∣∣Ft) = E

(∫ s

t

h(u) dFu
∣∣∣Ft)

since dFu = e−Γu dΓu. 2

In some instances the following version of Lemma 3.2 will prove useful.

Lemma 3.3 For any G-measurable random variable Y, and any sub-σ-field F of G, we have

E (11{τ>t}Y | Dt ∨ F) = 11{τ>t}
E (11{τ>t}Y | F)

P(τ > t | F)
. (3.9)

For any t ≤ s

P(τ ≥ s | Dt ∨ F) = 11{τ>t}
P(τ ≥ s | F)
P(τ > t | F)

. (3.10)

Proof. The proof of the lemma is essentially the same as the proof of Lemma 3.2. It should be
stressed that F is here an arbitrary sub-σ-field of G. 2

3.1.2 Evaluation of the Conditional Expectation E (Y | Gt)

Lemma 3.4 Let Y be a bounded random variable.

11{τ≤t}E (Y | Gt) = 11{τ≤t}E (Y | D∞ ∨ Ft) = E (11{τ≤t}Y | D∞ ∨ Ft). (3.11)

Proof. First, Gt ⊂ Dt ∨ Ft ⊂ D∞ ∨ Ft. Furthermore for any A ∈ D∞ ∨ Ft we have∫
A

E (11BY | D∞ ∨ Ft) dP =
∫
A

11BY dP =
∫
A∩B

Y dP =
∫
A∩B

E (Y | Gt) dP =
∫
A

11BE (Y | Gt) dP,

where we write B = {τ ≤ t}. Notice that the random variable 11BE (Y | Gt) is manifestly Dt ∨ Gt-
measurable, and thus it is also D∞ ∨ Ft-measurable. We conclude that (3.11) holds. 2

By combining (3.11) with (3.1), we obtain the following result (notice that formula (3.12) is a
straightforward generalization of equality (2.1)).

Lemma 3.5 For any G-measurable random variable Y we have

E (Y | Gt) = 11{τ≤t}E (Y | D∞ ∨ Ft) + 11{τ>t}E (11{τ>t} eΓtY | Ft). (3.12)
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In some applications, the following version of formula (3.3) appears to be useful.

Proposition 3.2 Assume that C is a F-predictable increasing process such that CT is an integrable
random variable. If F follows a process of finite variation then for every t ≤ T

E
(∫

]t,T ]

(1−Du) dCu
∣∣∣Gt) = 11{τ>t}eΓtE

(∫
]t,T ]

(1− Fu) dCu
∣∣∣Ft), (3.13)

or equivalently,

E
(∫

]t,T ]

(1−Du) dCu
∣∣∣Gt) = 11{τ>t}eΓtE

(∫
]t,T ]

e−Γu dCu

∣∣∣Ft). (3.14)

Proof. For a fixed t ≤ T we introduce an auxiliary process C̃ by setting C̃u = Cu−Ct for u ∈ [t, T ].
Then

Jt := E
(∫

]t,T ]

(1 −Du) dCu
∣∣∣Gt)

= E
(∫

]t,T ]

11{τ>u} dC̃u
∣∣∣Gt)

= E
(
C̃τ−11{t<τ≤T} + C̃T 11{τ>T}

∣∣∣Gt)
= 11{τ>t}eΓtE

(∫
]t,T ]

C̃u− dFu + C̃T (1− FT )
∣∣∣Ft),

where the last equality follows from (3.3) (it is clear that the process C̃u− is F-predictable). If we
set Gt = 1− Ft, then

J̃t := E
(∫

]t,T ]

C̃u− dFu + C̃T (1− FT )
∣∣∣Ft)

= E
(
−

∫
]t,T ]

C̃u− dGu + C̃TGT

∣∣∣Ft)

= E
(∫

]t,T ]

Gu dC̃u + C̃tGt

∣∣∣Ft)

= E
(∫

]t,T ]

(1− Fu) dCu
∣∣∣Ft),

where we have used the integration by parts formula for processes of finite variation

C̃TGT = C̃tGt +
∫

]t,T ]

C̃u− dGu +
∫

]t,T ]

Gu dC̃u,

and the obvious equality C̃t = 0. This proves (3.13). Formula (3.14) is an immediate consequence
of (3.13). 2

3.1.3 Semimartingale Representation of the Stopped Process

In the next result we assume that a F-predictable process (mt, t ≥ 0) follows a F-martingale. We
are interested in the semimartingale decomposition with respect to the enlarged filtration G of the
stopped process m̃t = mt∧τ (we shall sometimes use the standard notation mτ for the process m
stopped at τ).
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Lemma 3.6 Assume that a F-predictable process m follows a F-martingale.
(i) If F is a continuous, increasing process then the stopped process m̃t = mt∧τ is a G-martingale.
(ii) If F is a continuous submartingale then the process

Mm
t = m̃t +

∫ t∧τ

0

(1− Fu)−1 d〈m,F 〉u = mt∧τ +
∫ t∧τ

0

(1− Fu)−1 d〈m,F 〉u (3.15)

is a G-martingale.
(iii) If m is a continuous process then the process Mm given by (3.15) follows a G-martingale.

Proof. To establish the first statement, we fix s > 0 and we define a F-adapted process m̄ by
setting m̄t = mt∧s for any t ∈ R+. It is clear that for any t ≤ s we have E (m̃s | Gt) = E (m̄τ | Gt).
Furthermore

E (m̄τ | Gt) = 11{τ≤t}m̄τ + eΓt11{τ>t}E
(∫ ∞

t

m̄u dFu

∣∣∣Ft)
= 11{τ≤t}mτ∧s + eΓt11{τ>t}E

(∫ ∞

t

mu∧s dFu
∣∣∣Ft)

= 11{τ≤t}mτ + eΓt11{τ>t}Jt,

where
Jt = E

(∫ ∞

t

mu∧s dFu
∣∣∣Ft) = −E

(∫ s

t

mu dGu +
∫ ∞

s

ms dGu

∣∣∣Ft),
where we write Gt := e−Γt = 1 − Ft. Since G is a F-adapted, bounded, continuous, decreasing
process, Itô’s integration by parts formula combined with the F-martingale property of m yields

Jt = E
(
Gtmt −Gsms +

∫ s

t

Gu− dmu −ms(G∞ −Gs)
∣∣∣Ft) = Gtmt = e−Γtmt,

where we have also used the equality G∞ = e−Γ∞ = 0. Consequently, we get

E (m̃s | Gt) = 11{τ≤t}mτ + 11{τ>t}mt = mτ∧t = m̃t,

the desired result. This ends the proof of (i).

For the second statement, we denote, as before, Gt = e−Γt = 1 − Ft (G is now a continuous
bounded F-supermartingale). For a fixed s > 0, we introduce an auxiliary process m̄

m̄t := mt∧s −
∫ t∧s

0

G−1
u d〈m,F 〉u = mt∧s +m∗

t∧s,

where we set m∗
t =

∫ t
0 G

−1
u d〈m,F 〉u. Obviously, for any t ≤ s we have E (Mm

s | Gt) = E (m̄τ | Gt).
We need to show that E (m̄τ | Gt) = Mm

t . To this end, notice that

E (m̄τ | Gt) = 11{τ≤t}Mτ + eΓt11{τ>t}(J1
t + J2

t ),

where
J1
t := E

(∫ ∞

t

mu∧s dFu
∣∣∣Ft), J2

t := E
(∫ ∞

t

m∗
u∧s dFu

∣∣∣Ft).
For J1

t , using Itô’s formula and the martingale property of m, we get (notice that G∞ = 1−F∞ = 0)

J1
t = −E

(∫ s

t

mu dGu +
∫ ∞

s

ms dGu

∣∣∣Ft)
= E

(
Gtmt −Gsms +

∫ s

t

Gu dmu +
∫ s

t

d〈G,m〉u −ms(G∞ −Gs)
∣∣∣Ft)

= Gtmt + 〈m,G〉s − 〈m,G〉t = e−Γtmt + 〈m,F 〉t −E (〈m,F 〉s | Ft).
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On the other hand, since m∗ is a continuous process of finite variation, another application of Itô’s
formula yields

J2
t = −E

(∫ s

t

m∗
u dGu +

∫ ∞

s

m∗
s dGu

∣∣∣Ft)
= E

(
Gtm

∗
t −Gsm

∗
s +

∫ s

t

Gu dm
∗
u −m∗

s(G∞ −Gs)
∣∣∣Ft)

= e−Γtm∗
t − 〈m,F 〉t + E (〈m,F 〉s | Ft),

where the last equality is a consequence of the definition of m∗. Upon simplification, for any t ≤ s
we obtain

E (m̄τ | Gt) = 11{τ≤t}Mm
τ + 11{τ>t}(mt +m∗

t ) = Mm
t .

This completes the proof of part (ii). The proof of part (iii) is similar. Let us stress that we no longer
assume that F necessarily follows a continuous process, but since m is assumed to be a continuous
process, we have [m,F ] = 〈m,F 〉. 2

3.1.4 Martingales Associated with the Hazard Process Γ

The next result is a generalization of Lemma 2.2. Let us stress that the case when F = G is not
covered by Lemma 3.7.

Lemma 3.7 The process L given by the formula

Lt := 11{τ>t}eΓt = (1 −Dt)eΓt =
1−Dt

1− Ft
(3.16)

follows a G-martingale. Moreover, for any F-martingale m, the product Lm is a G-martingale. If,
in addition, m follows also a G-martingale then the quadratic variation [L,m], which equals

[L,m]t := Ltmt − L0m0 −
∫

]0,t]

Ls− dms −
∫

]0,t]

ms− dLs (3.17)

is a G-martingale.

Proof. It is enough to check that for any t ≤ s

E (11{τ>s}eΓs | Gt) = 11{τ>t}eΓt .

In view of (3.4) this can be rewritten as follows

11{τ>t}eΓt E (11{τ>s}eΓs | Ft) = 11{τ>t}eΓt .

To complete the proof of the first statement, it is enough to observe that

E ( 11{τ>s}eΓs | Ft) = E
(
eΓsE (11{τ>s} | Fs) | Ft

)
= 1.

For the second part of the lemma, notice that for t ≤ s in view of (3.1) we have

E (Lsms | Gt) = E (11{τ>s}Lsms | Gt) = 11{τ>t}eΓt E (11{τ>s}eΓsms | Ft)
= 11{τ>t}eΓt E (mse

ΓsE (11{τ>s} | Fs) | Ft) = (1−Dt)eΓtmt = Ltmt

so that Lm is a G-martingale. The last statement is obvious. 2

Notice that under the assumptions of Lemma 3.7, if Γ is an increasing process, so that L is
a process of finite variation, then we have [L,m]t =

∑
u≤t∆Lu∆mu. In this case, (3.17) can be

rewritten as follows
Ltmt = L0m0 +

∫
]0,t]

Ls− dms +
∫

]0,t]

ms dLs. (3.18)

In the next result we deal with the continuous case; more precisely, we assume that Γ is a
continuous increasing process. The following result is a counterpart of Propositions 2.1-2.2.
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Proposition 3.3 Assume that the F-hazard process Γ of τ follows an increasing continuous process.
Then:
(i) the process Mt = Dt − Γt∧τ follows a G-martingale, more specifically,

Mt = −
∫

]0,t]

e−Γu dLu. (3.19)

Furthermore, Lt = Et(−M), that is, L satisfies

Lt = 1−
∫

]0,t]

Lu− dMu. (3.20)

(ii) If a F-martingale m is also a G-martingale then the product Mm is a G-martingale – that is,
M and m are mutually orthogonal G-martingales.
(iii) If a F-predictable process m is a F-martingale then the product Mm̃ is a G-martingale, where
m̃ is the stopped process, that is, m̃t = mt∧τ for every t.

Proof. Proof of (i). The martingale property of M and equalities (3.19)-(3.20) can be shown using
the same arguments as in the proof of Proposition 2.1, i.e., Itô’s formula combined with Lemma 3.7.

Proof of (ii). We need to show that E (Msms −Mtmt | Gt) = 0 for any t ≤ s, or equivalently, that

E (ms(Ms −Mt) | Gt) + E (Mt(ms −mt) | Gt) = 0.

Since m is a G-martingale, it is clear that E (Mt(ms −mt) | Gt) = MtE (ms −mt | Gt) = 0. On the
other hand

E (ms(Ms −Mt) | Gt) = −E (ms

∫
]t,s]

e−Γu dLu | Gt).

To show that the last term above vanishes, let us consider a sequence of stepwise processes Γnu =∑n
i=0 Γti11[ti,ti+1[(u), where t = t0 < · · · < tn+1 = s. Then

E (ms

∫
]t,s]

e−Γn
u dLu | Gt) = E

(
ms

n∑
i=0

e−Γti (Lti+1 − Lti)
∣∣∣Gt)

=
n∑
i=0

E
(
E

(
e−Γtims(Lti+1 − Lti)

∣∣Gti+1

) ∣∣Gt)

=
n∑
i=0

E
(
E

(
e−Γtimti+1(Lti+1 − Lti)

∣∣Gti) ∣∣Gt)

=
n∑
i=0

E
(
E

(
e−Γtimti(Lti − Lti)

∣∣Gti+1

) ∣∣Gt) = 0,

where we have used the martingale property with respect to G of m and Lm (since by assumption
m is a F-martingale, the second property follows from Lemma 3.7).

The proof of part (ii) can be shortened by the direct use of the Itô calculus. Indeed, by virtue of
Lemma 3.7 L and m are orthogonal G-martingales, so that the proces [L,m] is also a G-martingale.
Consequently, applying Itô’s formula and (3.19), we get

Mtmt = M0m0 +
∫

]0,t]

Mu− dmu +
∫

]0,t]

mu− dMu + [M,m]t

= M0m0 +
∫

]0,t]

Mu− dmu −
∫

]0,t]

mu−e−Γu dLu −
∫

]0,t]

e−Γu d[L,m]u

where L,m and [L,m] follow G-martingales.
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Proof of (iii). If m is a predictable F-martingale then by virtue of part (i) in Lemma 3.6 the stopped
process m̃ = mt∧τ is a G-martingale. In view of Lemma 3.7, the product Lm is a G-martingale, and
thus also the stopped process (Lm)τ = L̃m̃, where L̃t = Lt∧τ also follows a G-martingale. Since

[L̃, m̃]t := L̃tm̃t − L̃0m̃0 −
∫

]0,t]

L̃s− dm̃s −
∫

]0,t]

m̃s− dL̃s,

we conclude that the quadratic variation [L̃, m̃] is a G-martingale.

Consequently, the product Mm̃ is a G-martingale, since

Mtm̃t = M0m̃0 +
∫

]0,t]

Mu− dm̃u +
∫

]0,t]

m̃u− dMu + [M, m̃]t

= M0m0 +
∫

]0,t]

Mu− dm̃u −
∫

]0,t]

mu−e−Γu dL̃u −
∫

]0,t]

e−Γu d[L, m̃]u

= M0m0 +
∫

]0,t]

Mu− dm̃u −
∫

]0,t]

mu−e−Γu dL̃u −
∫

]0,t]

e−Γu d[L̃, m̃]u

where we have used the well-known equality [L, m̃] = [L,m]τ = [L̃, m̃]. 2

Corollary 3.2 For any bounded F-predictable process Z the following processes are G-martingales:

V 1
t = Zτ11{τ≤t} −

∫ t∧τ

0

Zu dΓu =
∫ t

0

Zu dMu, (3.21)

and

V 2
t = exp

(
11{τ≤t}Zτ

)− ∫ t∧τ

0

(eZu − 1) dΓu. (3.22)

Proof. It is apparent that V 1 is a G-martingale. The martingale property of V 2 is an easy conse-
quence of the martingale property of V 1. 2

Remarks. If the continuous process Γ is not of finite variation, formula (2.10) becomes

Lt = (1 −Dt)eΓt = 1 +
∫ t

0

eΓu
(
(1−Du) (dΓu + (1/2)〈Γ〉u)− dDu

)
and it is no longer true that M is a G-martingale (but, of course, the process Dt−Γt∧τ−(1/2)〈Γ〉t∧τ
is a G-martingale).

Lemma 3.8 The martingale ρt = E (11{T<τ} | Gt) has the dynamics

dρt = −ρt−dMt + Lt−dmt + d[L,m]t, (3.23)

where mt = E (e−ΓT | Ft).

Proof. It suffices to write

ρt = 11{t<τ}eΓtE (eΓT | Ft) = Ltmt.

Decomposition (3.23) is useful in the study of the dynamics of a defaultable zero-coupon bond (see
Blanchet-Scalliet and Jeanblanc [2]). 2
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3.1.5 F-intensity of a Random Time

Let us consider the classic case of an absolutely continuous F-hazard process Γ (of course, Γ is
here a continuous increasing process). More precisely, we assume that Γt =

∫ t
0 γu du for some F-

progressively measurable nonnegative process γ, referred to as the F-intensity of a random time τ.
By virtue of Proposition 3.3, the process M given by the formula

Mt = Dt −
∫ t∧τ

0

γu du = Dt −
∫ t

0

11{τ>u}γu du = Dt −
∫ t

0

11{τ≥u}γu du (3.24)

follows a G-martingale. This property is frequently used in the financial literature as a definition of
a ‘stochastic intensity’ of a random time. The intuitive meaning of the F-intensity γ as the ‘intensity
of survival given the flow of informations F’ becomes clear from the following corollary.

Corollary 3.3 If the F-hazard process Γ of τ is absolutely continuous then for any t ≤ s

P(τ > s | Gt) = 11{τ>t}E
(
e
−

∫
s

t
γu du

∣∣Ft)
and

P(t < τ ≤ s | Gt) = 11{τ>t}E
(
1− e

−
∫

s

t
γu du

∣∣Ft).
Remarks. Since obviously the F-hazard function Γ is not well defined when τ is a F-stopping time
(that is, when D ⊂ F so that G = F), Corollaries 3.1-3.3 cannot be directly applied in such a
case. However, it appears that for a certain class of a G-stopping times we can find an increasing
G-predictable process Λ such that for any t ≤ s

P(τ > s | Gt) = 11{τ>t}E
(
eΛt−Λs

∣∣Gt) = 11{τ>t}E
(
e
−

∫
s

t
λu du

∣∣Gt),
where the second equality holds provided that the process Λ is absolutely continuous, that is, Λt =∫ t
0 λu du for some process λ. It seems natural to conjecture that the martingale hazard process Λ,

which is formally introduced in Section 4, always represents the F̂-hazard process of τ for some
filtration F̂ such that τ is not a F̂-stopping time. The notion of a martingale hazard process should
thus be seen as a technical tool which allows us to find the ‘natural’ hazard process of τ.

3.2 Martingale Representation Theorems

3.2.1 General Case

We shall first consider a general setup: in particular, we do not assume that the filtration F supports
only continuous martingales. We shall assume, however, that the process F is continuous and
increasing. Recall that if Ft = P(τ ≤ t | Ft) follows an increasing continuous process then the
associated hazard process Γ is also an increasing continuous process, since Γt = − ln (1−Ft). Recall
also that in this case the process M = Dt − Γt∧τ is a G-martingale. We reproduce here the results
of Blanchet-Scalliet and Jeanblanc [2].

Proposition 3.4 Assume that the F-hazard process Γ of τ follows an increasing continuous pro-
cess. Let Z be a F-predictable process such that the random variable Zτ is integrable. Then the
G-martingale MZ

t := E(Zτ | Gt) admits the following decomposition

MZ
t = m0 +

∫
]0,t]

eΓudm̃u +
∫

]0,t]

(Zu − zu) dMu, (3.25)
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where m̃t = mt∧τ , and m is a F-martingale, namely,

mt = E
(∫ ∞

0

Zue
−ΓudΓu

∣∣∣Ft) = E
(∫ ∞

0

Zu dFu

∣∣∣Ft) (3.26)

so that in particular m0 = MZ
0 . Moreover

zt = E
(∫ ∞

t

Zue
Γt−ΓudΓu

∣∣∣Ft) = eΓtE
(∫ ∞

t

Zu dFu

∣∣∣Ft). (3.27)

Proof. By virtue of Proposition 3.1, we have

MZ
t = E (Zτ | Gt) = 11{τ≤t}Zτ + 11{τ>t}E

(∫ ∞

t

Zue
Γt−ΓudΓu

∣∣∣Ft) = 11{τ≤t}Zτ + 11{τ>t}zt.

It follows from our assumptions that eΓt is a continuous increasing process. Hence the Itô integration
by parts formula yields (notice that m is a G-semimartingale)

zt = eΓtmt − eΓt

∫ t

0

Zue
−ΓudΓu

= m0 +
∫

]0,t]

eΓudmu +
∫ t

0

mue
ΓudΓu −

∫ t

0

ZudΓu −
∫ t

0

eΓu

∫ u

0

Zve
−ΓvdΓv dΓu

= m0 +
∫

]0,t]

eΓudmu +
∫ t

0

(zu − Zu) dΓu.

Furthermore, since z is a right-continuous process with left-hand side limits, we have

11{τ>t}zt = m0 +
∫

]0,t∧τ ]
dzu − 11{τ≤t}zτ .

We conclude that

MZ
t = m0 +

∫
]0,t∧τ ]

eΓu dmu +
∫ t∧τ

0

(zu − Zu) dΓu + 11{τ≤t}(Zτ − zτ ),

and this immediately yields (3.25). 2

Corollary 3.4 Under the assumptions of Proposition 3.4 if, in addition, ∆zτ = 0 (or equivalently,
∆mτ = 0) then

MZ
t = m0 +

∫
]0,t]

eΓudm̃u +
∫

]0,t]

(Zu −MZ
u−) dMu = m0 + M̃Z

t + M̂Z
t , (3.28)

where M̃Z and M̂Z are mutually orthogonal G-martingales, i.e., M̃ZM̂Z is a G-martingale.

Proof. Since obviously zu = MZ
u for u < τ, we get also zτ = zτ− = MZ

τ−. Thus

11{τ>t}zt = m0 +
∫

]0,t∧τ]
dzu − 11{τ≤t}MZ

τ−.

Since Γ is a continuous process, we conclude that (3.28) is valid. For the second statement, notice
that by virtue of part (iii) in Proposition 3.3 the quadratic variation [M, m̃] is a G-martingale.
Consequently, the process5

[M̃Z , M̂Z ]t =
∫

]0,t]

eΓu(Zu −MZ
u−) d[M, m̃]u

5In fact is it easily seen that under the present assumptions we have [M, m̃] = 0.
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follows a G-martingale, and thus also the product M̃ZM̂Z is a G-martingale. 2

If the filtration F supports only continuous martingales (for instance, if F is the natural filtration
of some Brownian motion under P) then clearly ∆mτ = 0. In this case equality (3.28) represents
the decomposition of the G-martingale MZ into a continuous G-martingale M̃Z and a discontinuous
G-martingale M̂Z . Since M̃Z and M̂Z are mutually orthogonal G-martingales, formula (3.25) gives
in fact the canonical decomposition of the G-martingale MZ into a continuous martingale part M̃Z

and a purely discontinuous martingale part M̂Z .

Corollary 3.5 Assume that Γ is an increasing continuous process. Let h : R+ → R be a Borel
measurable function such that h(τ) is integrable. Then Mh

t := E(h(τ)| Gt) admits the following
decomposition

Mh
t = m0 +

∫
]0,t]

eΓudm̃u +
∫

]0,t]

(h(u)− gu) dMu, (3.29)

where m̃t = mt∧τ and m is a F-martingale

mt = E
(∫ ∞

0

h(u)e−ΓudΓu
∣∣∣Ft) = E

(∫ ∞

0

h(u) dFu
∣∣∣Ft) (3.30)

so that m0 = Mh
0 , and

gt = eΓt E
(∫ ∞

t

h(u)e−ΓudΓu
∣∣∣Ft) = eΓt E

(∫ ∞

t

h(u) dFu
∣∣∣Ft). (3.31)

The following corollary to Proposition 3.4 was already established in Section 2.3.

Corollary 3.6 Assume that the filtration F is trivial and Γ follows an increasing continuous func-
tion. Let Mh

t := E (h(τ) | Dt) for some bounded Borel measurable function h : R → R. Then

Mh
t = Mh

0 +
∫

]0,t]

(h(u)− g(u)) dMu,

where the function g : R+ → R equals

g(t) = eΓ(t) E
(
h(τ)11{τ>t}

)
= eΓ(t)

∫ ∞

t

h(u) dF (u).

3.2.2 Case of a Brownian Filtration

In this section, we consider the case of the Brownian filtration, that is, we assume that F = F
W for

some Brownian motion W. We postulate that the Brownian motion W remains a martingale (and
thus a Brownian motion) with respect to the enlarged filtration G. (See section 4.1.1) Let us fix
T > 0. In the next result, we do not assume that F is an increasing process (in other words, we do
not assume that the G-martingale L is of finite variation). We reproduce here a result of Kusuoka
[19].

Proposition 3.5 Let X be a GT -measurable integrable random variable and let MX
t := E(X | Gt)

for t ∈ [0, T ]. Then the G-martingale MX admits the following decomposition

MX
t = MX

0 +
∫ t

0

ξXu dWu +
∫

]0,t]

ζ̃Xu dLu = MX
0 + L̃Xt + L̂Xt , (3.32)

for t ∈ [0, T ], where ξX and ζ̃X are G-predictable stochastic processes. Moreover, the G-martingales
L̃Xt and L̂Xt are mutually orthogonal.
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Proof. Since GT = DT ∨ FT , it is clear that it is enough to consider a random variable X of the
form X = (1 −Ds)Y for some fixed s ≤ T, where Y is a FT -measurable random variable. Notice
that

X = (1−Ds)Y = (1−Ds)eΓs Ỹ = LsỸ ,

where Ỹ = e−ΓsY is a FT -measurable integrable random variable. We introduce the F-martingale

Ut = E (Ỹ | Ft) = E (Ỹ ) +
∫ t

0

ξu dWu, ∀ t ∈ [0, T ], (3.33)

where the second equality is a consequence of the martingale representation property of the Brownian
motion W (so that ξ is a F-predictable stochastic process). Since by assumption W is also a G-
martingale it is clear the process U is not only a F-martingale, but also a (continuous) G-martingale.
Invoking Lemma 3.7, we find that the quadratic variation [L,U ] follows a G-martingale. Thus we
obtain (Lc stands for the continuous martingale component of L)

[L,U ]t = 〈Lc, U〉t +
∑
u≤t

∆Lu∆Uu = 〈Lc, U〉t.

It turns out that [L,U ] = 〈Lc, U〉 = 0 (recall that any continuous martingale of finite variation is
constant). Clearly UT = Ỹ so that X = LsUT . Itô’s integration by parts formula yields

X = L0U0 +
∫ T

0

Lt− dUt +
∫

]0,s]

Ut− dLt + [L,U ]s

= E (Ỹ ) +
∫ T

0

ξtLt− dWt +
∫

]0,T ]

Ut11[0,s](t) dLt.

We thus get (3.32) with ξXt = ξtLt− and ζ̃Xt = Ut11[0,s](t). It remains to show that the G-martingales
L̃X and L̂X are mutually orthogonal. As a consequence of Lemma 3.7, we get [L,W ] = 〈L,W 〉 = 0.
The G-martingale property of the product L̃XL̂X thus easily follows from Itô’s lemma. 2

Corollary 3.7 Under the assumptions of Proposition 3.5 if, in addition, the hazard process Γ is an
increasing continuous process then

MX
t = MX

0 +
∫ t

0

ξXu dWu +
∫

]0,t]

ζXu dMu = MX
0 + M̃X

t + M̂X
t , (3.34)

where ξX and ζX are G-predictable stochastic processes. Moreover, the continuous G-martingale
M̃X and the purely discontinuous G-martingale M̂X are mutually orthogonal.

Proof. It is enough to observe that part (i) in Proposition 3.3 yields∫
]0,t]

Uu− dLu = −
∫

]0,t]

UuLu−dMu

so that it is enough to set ζXt = −UtLt−. The mutual orthogonality of G-martingales M̃X and MX

is also obvious. 2

In the next result, we no longer assume that W is a martingale with respect to G. By virtue of
Lemma 3.6, if F is an increasing continuous process then the stopped processWt∧τ is a G-martingale.
Otherwise, the process

Ŵt = Wt∧τ +
∫ t∧τ

0

(1− Fu)−1 d〈W,F 〉u (3.35)

is a G-martingale.
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Let Z be a F-predictable process Z, such that the random variable Zτ is integrable, we define
(cf. (3.26))

mt = E
(∫ ∞

0

Zue
−ΓudΓu

∣∣∣Ft).
It is clear that m admits the integral representation

mt = m0 +
∫ t

0

ξZu dWu

for some F-predictable process ξZ . The next result is an immediate corollary to Proposition 3.4.

Corollary 3.8 Assume that the F-hazard process Γ of τ follows an increasing continuous process.
Then the G-martingale MZ

t := E(Zτ | Gt) admits the following decomposition into two mutually
orthogonal G-martingales

MZ
t = m0 +

∫ t

0

eΓuξZu dWu∧τ +
∫

]0,t]

(Zu −MZ
u−) dMu. (3.36)

Notice that on the random set [0, τ ] the process MZ
t− equals to some F-predictable process.

Therefore equality (3.36) means also that

MZ
t = m0 +

∫ t

0

ξu dWu∧τ +
∫

]0,t∧τ ]
ζu dMu

for some F-predictable processes ξ and ζ.

3.3 Change of a Probability Measure

We shall now deal with an equivalent change of a probability measure. We make the following
standing assumptions: (a) F is generated by a Brownian motion, (b) any F-martingale is a G-
martingale under P, (c) the hazard process Γ of τ is an increasing continuous process. ¿From
Proposition 3.3 we know that the process Mt = Dt − Γt∧τ is a G-martingale. We fix T > 0. For
a probability measure P∗ equivalent to P on (Ω,GT ) we introduce the G-martingale ηt, t ≤ T, by
setting

ηt :=
dP∗

dP |Gt

= EP(X | Gt), P-a.s., (3.37)

where X is a GT -measurable integrable random variable, such that P(X > 0) = 1. In view of
Corollary 3.7 the Radon-Nikodým density process η admits the following representation

ηt = 1 +
∫ t

0

ξu dWu +
∫

]0,t]

ζu dMu

where ξ and ζ are G-predictable stochastic processes. Since η is a strictly positive process, we get

ηt = 1 +
∫

]0,t]

ηu−
(
βu dWu + κu dMu

)
(3.38)

where β and κ are G-predictable processes, with κ > −1.

Proposition 3.6 Let P∗ be a probability measure on (Ω,GT ) equivalent to P. If the Radon-Nikodým
density of P∗ with respect to P is given by (3.37) with η satisfying (3.38), then the process

W ∗
t = Wt −

∫ t

0

βu du, ∀ t ∈ [0, T ], (3.39)



M.Jeanblanc & M.Rutkowski 31

follows a Brownian motion with respect to G under P∗, and the process

M∗
t := Mt −

∫
]0,t∧τ ]

κu dΓu = Dt −
∫

]0,t∧τ ]
(1 + κu) dΓu, ∀ t ∈ [0, T ], (3.40)

is a G-martingale orthogonal to W ∗.

Proof. Notice first that for t ≤ T we have

d(ηtW ∗
t ) = W ∗

t dηt + ηt− dW ∗
t + d[W ∗, η]t

= W ∗
t dηt + ηt− dWt − ηt−βt dt+ ηt−βt d[W,W ]t

= W ∗
t dηt + ηt− dWt.

This shows that W ∗ is a G-martingale under P∗. Since the quadratic variation of W ∗ under P∗

equals [W ∗,W ∗]t = t and W ∗ is continuous, by virtue of Lévy’s theorem it is clear that W ∗ follows
a Brownian motion under P∗. Similarly, for t ≤ T

d(ηtM∗
t ) = M∗

t dηt + ηt− dM∗
t + d[M∗, η]t

= M∗
t dηt + ηt− dMt − ηt−κt dΓt∧τ + ηt−κt dDt

= M∗
t dηt + ηt−(1 + κt) dMt.

We conclude that M∗ is a G-martingale under P∗. To conclude it is enough to observe that W ∗ is
a continuous process and M∗ follows a process of finite variation. 2

Corollary 3.9 Let Y be a G-martingale with respect to P∗. Then Y admits the following decompo-
sition

Yt = Y0 +
∫ t

0

ξ∗u dW
∗
u +

∫
]0,t]

ζ∗u dM
∗
u , (3.41)

where ξ∗ and ζ∗ are G-predictable stochastic processes.

Proof. Consider the process Ỹ given by the formula

Ỹt =
∫

]0,t]

η−1
u− d(ηuYu)−

∫
]0,t]

η−1
u−Yu− dηu.

It is clear that Ỹ is a G-martingale under P. Notice also that Itô’s formula yields

η−1
u− d(ηuYu) = dYu + η−1

u−Yu− dηu + η−1
u− d[Y, η]u,

and thus
Yt = Y0 + Ỹt −

∫
]0,t]

η−1
u− d[Y, η]u. (3.42)

From Corollary 3.7 we know that

Ỹt = Y0 +
∫ t

0

ξ̃u dWu +
∫

]0,t]

ζ̃u dMu (3.43)

for some G-predictable processes ξ̃ and ζ̃. Therefore

dYt = ξ̃t dWt + ζ̃t dMt − η−1
t− d[Y, η]t

= ξ̃t dW
∗
t + ζ̃t(1 + κt)−1 dM∗

t

since (3.38) combined with (3.42)-(3.43) yield

η−1
t− d[Y, η]t = ξ̃tβt dt+ ζ̃tκt(1 + κt)−1 dDt.

To derive the last equality we observe, in particular, that in view of (3.42) we have (we take into
account continuity of Γ)

∆[Y, η]t = ηt−ζ̃tκt dDt − κt∆[Y, η]t.

We conclude that Y satisfies (3.41) with ξ∗ = ξ̃ and ζ∗ = ζ̃(1 + κ)−1. 2
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3.4 Applications to the Valuation of Defaultable Claims

Let us fix t ≤ T, and let δ be a constant. As a simple consequence of (3.4), for arbitrary G-measurable
random variable Y we obtain

E (11{t<τ≤T} δ + 11{τ>T} Y | Gt) = δP(t < τ ≤ T | Gt) + 11{τ>t}E (11{τ>T} Y | Gt),
so that

E (11 {t<τ≤T} δ + 11{τ>T} Y | Gt) = δ11{τ>t}E
(
1− eΓt−ΓT | Ft) + 11{τ>t}E (11{τ>T} eΓtY | Ft).

If Y is a FT -measurable random variable, we may rewrite the last formula as follows

E (11{t<τ≤T} δ + 11{τ>T} Y | Gt) = δ11{τ>t}E
(
1− eΓt−ΓT | Ft) + 11{τ>t}E (eΓt−ΓT Y | Ft).

If, instead of constant δ, we take a random payoff h(τ), then we get

E (11{t<τ≤T} h(τ) + 11{τ>T} Y | Gt) = 11{τ>t}E
(∫ T

t

h(u)eΓt−Γu dΓu
∣∣∣Ft) + 11{τ>t}E (eΓt−ΓT Y | Ft),

provided that Γ is continuous and Y is FT -measurable. Finally, under the same assumptions, if Z
is a F-predictable process, then

E (11{t<τ≤T}Zτ + 11{τ>T} Y | Gt) = 11{τ>t}E
(∫ T

t

Zue
Γt−Γu dΓu

∣∣∣Ft) + 11{τ>t}E (eΓt−ΓT Y | Ft).

Let us introduce the savings account process B (B is assumed to be a F-adapted continuous process
of finite variation). For any t ≤ T, we set B(t, T ) = BtE (B−1

T | Ft), and we refer to B(t, T ) as
the price of a default-free zero-coupon bond which pays 1 at time T. First, for the conditional
expectation

V Yt := BtE (11{τ>T}B
−1
T Y | Gt)

we obtain
V Yt = 11{τ>t}BtE (eΓt−ΓTB−1

T Y | Ft) = 11{τ>t}B̂tE (B̂−1
T Y | Ft),

where we set B̂t = Bte
Γt . The next goal is to evaluate the conditional expectation

V ht := BtE (11{t<τ≤T}B−1
τ h(τ) | Gt)

and
V Zt := BtE (11{t<τ≤T}B−1

τ Zτ | Gt).
If Γ is continuous, we get

V Dt = 11{τ>t} B̂tE
(∫ T

t

B̂−1
u h(u) dΓu

∣∣∣Ft)
and

V Zt = 11{τ>t} B̂tE
(∫ T

t

B̂−1
u Zu dΓu

∣∣∣Ft).
For instance, if h = δ for some constant δ and Y = 1, we obtain

Vt := BtE (11{t<τ≤T}B−1
τ δ + 11{τ>T}B−1

T | Gt) = 11{τ>t}B̂t
(
δ

∫ T

t

B̂−1
u dΓu + B̂−1

T

∣∣∣Ft). (3.44)

If we introduce the modified bond price B̂(t, T ) = B̂tE (B̂−1
T | Ft), then

Vt = 11{τ>t}δB̂t
(∫ T

t

B̂−1
u dΓu

∣∣∣Ft) + 11{τ>t}B̂(t, T ).



M.Jeanblanc & M.Rutkowski 33

4 Martingale Hazard Process

It should be stressed that the case of D ⊂ F (i.e., the case when F = G) is not excluded. Put another
way, the case when τ is a F-stopping time is also covered by the foregoing results. The concept of
a (F,G)-martingale hazard process is a direct counterpart of the notion of the (F0,D)-martingale
hazard process (that is, the martingale hazard function of τ).

4.1 Martingale Hazard Process Λ

Definition 4.2 A F-predictable right-continuous increasing process Λ is called a (F,G)-martingale
hazard process of a random time τ (or, in short, a F-martingale hazard process) if and only if the
process M̃t := Dt − Λt∧τ follows a G-martingale. In addition, Λ0 = 0.

Our first goal will be to examine a special case when the F-martingale hazard process Λ can be
expressed through a straightforward counterpart of formula (2.28).

4.1.1 Martingale Invariance Property

We examine first an abstract setup: we are given a probability space (Ω,G,P) endowed with a
filtration G. Let F be an arbitrary sub-filtration of G.

Definition 4.3 We say that a filtration F has the martingale invariance property with respect to
a filtration G (or that (H)-hypothesis holds) if every F square-integrable martingale is a G square-
integrable martingale.

This hypothesis implies that the F-Brownian motion remains a Brownian motion in the enlarged
filtration. It was studied, among others, by Brémaud and Yor [4] and Mazziotto and Szpirglas [22],
and for financial purposes by Kusuoka [19]. This hypothesis is quite natural, despite its technical
form. It is equivalent to:

(H*) For any t ∈ R+, the σ-fields F∞ and Gt are conditionally independent given Ft.
This can be written in any of the equivalent forms in which Gt and H are bounded random variable
(see, e.g., Dellacherie and Meyer [9]):

(H1) ∀H ∈ F∞, ∀Gt ∈ Gt, E (HGt | Ft) = E (H | Ft)E (Gt | Ft),
(H2) ∀ t ≥ 0, ∀Gt ∈ Gt, E (Gt | F∞) = E (Gt | Ft),
(H3) ∀ t ≥ 0, ∀H ∈ F∞, E (H | Gt) = E (H | Ft).

Lemma 4.9 In our setting, condition (H) is equivalent to the following condition (H′)

P(τ ≤ t | F∞) = P(τ ≤ t | Ft), ∀t ∈ R+. (4.45)

Proof. If (H2) holds, then (4.45) holds too. If (4.45) holds, then, for s ≤ t,

P(τ ≤ s | Ft) = P(τ ≤ s | F∞ | Ft) = P(τ ≤ s | Fs | Ft) = P(τ ≤ s | Fs) = P(τ ≤ s | F∞).

Then, the fact thatDt is generated by the sets {τ ≤ s}, s ≤ t proves that F∞ andDt are conditionally
independent given Ft. This result can be also found in [10]. 2
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4.1.2 Evaluation of Λ: Special Case

We find it convenient to introduce the following condition:

(G) F follows an increasing process.

Proposition 4.7 Assume that (G) holds, i.e., F is increasing. If the process Λ given by the formula

Λt =
∫

]0,t ]

dFu
1− Fu−

=
∫

]0,t ]

dP(τ ≤ u | Fu)
1−P(τ < u | Fu) (4.46)

is F-predictable, then Λ is the F-martingale hazard process of a random time τ.

Proof. It suffices to check that Dt − Λt∧τ follows a G-martingale, where G = D ∨ F. Using (3.1),
we obtain for t < s

E (Ds −Dt | Gt) = P(t < τ ≤ s | Gt) = 11{τ>t}
P(t < τ ≤ s | Ft)

P(τ > t | Ft) = 11{τ>t}
E (Fs | Ft)− Ft

1− Ft
.

On the other hand,

E
(
Λs∧τ − Λt∧τ | Gt

)
= E

(
11{τ>s}(Λs − Λt) | Gt

)
+ E

(
11{t<τ≤s} Λ̃τ | Gt

)
,

where, for a fixed t, we write Λ̃u = (Λu − Λt)11]t,∞[(u) (so that Λ̃ follows a F-predictable process).
Therefore, an application of formula (3.3) gives

E
(
11{t<τ≤s} Λ̃τ | Gt

)
= 11{τ>t}eΓt E

(∫
]t,s]

(Λu − Λt) dFu
∣∣∣Ft).

Furthermore, (3.4) yields

E
(
11{τ>s}(Λs − Λt) | Gt

)
= 11{τ>t}eΓt E (11{τ>s} (Λs − Λt) | Ft).

Combining the formulae above, we get

E
(
Λs∧τ − Λt∧τ | Gt

)
= 11{τ>t}eΓt E

(
11{τ>s} (Λs − Λt) +

∫
]t,s]

(Λu − Λt) dFu
∣∣∣Ft)

= 11{τ>t}eΓt E
(
(1 − Fs)(Λs − Λt) +

∫
]t,s]

(Λu − Λt) dFu
∣∣∣Ft),

where the last equality follows from the conditioning with respect to the σ-field Fs.

4.1.3 Evaluation of Λ: General Case

Assume now that either (G) is not satisfied, and the process F is not increasing, or (G) holds, but
the increasing process F is not F-predictable.6 As the next result shows, the F-martingale hazard
process Λ can nevertheless be found through a suitable modification of formula (4.46).

In the next result we do not need to assume that (G) holds. We write F̃ to denote the F-
compensator of the bounded F-submartingale F. This means that F̃ is the unique F-predictable,
increasing process, with F̃0 = 0, and such that the process U = F − F̃ follows a F-martingale (the
existence and uniqueness of F̃ is a consequence of the Doob-Meyer decomposition theorem). In
standard examples, τ is a totally inaccessible F-stopping time, and F̃ follows a F-adapted process
with continuous increasing sample paths.

6For instance, τ can be a F-stopping time, which is not F-predictable. If τ is a F-stopping time, we have simply
F = H, and the process D is not F-predictable, unless the stopping time τ is a F-predictable.
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Proposition 4.8 (i) The F-martingale hazard process of a random time τ is given by the formula

Λt =
∫

]0,t ]

dF̃u
1− Fu−

. (4.47)

(ii) If F̃t = F̃t∧τ for every t ∈ R+ (that is, the process F̃ is stopped at τ) then Λ = F̃ .

Proof. It is clear that the process Λ given by (4.47) is predictable. Therefore, we need only to
verify that the process M̃t = Dt −Λt∧τ follows a G-martingale. We proceed along the same lines as
in the proof of Proposition 4.7.

We shall now prove part (ii). We assume that F̃t∧τ = F̃t for every t ∈ R+. This means, in
particular, that the process Ft − F̃t∧τ is a F-martingale. We wish to show that if the process
Dt − F̃t∧τ follows a G-martingale, that is, for any t ≤ s

E (Ds − F̃s∧τ | Gt) = Dt − F̃t∧τ ,

or equivalently,
E (Ds −Dt | Gt) = E (F̃s∧τ − F̃t∧τ | Gt).

By virtue of (3.1), we have

E (Ds −Dt | Gt) = (1−Dt)
E (Ds −Dt | Ft)
E (1−Dt | Ft) . (4.48)

On the other hand,

E (F̃s∧τ − F̃t∧τ | Gt) = E
(
11{τ>t}(F̃s∧τ − F̃t∧τ )

∣∣Gt) = (1−Dt)
E (F̃s∧τ − F̃t∧τ | Ft)

E (1−Dt | Ft)
= (1−Dt)

E (Fs − Ft | Ft)
E (1−Dt | Ft) = (1−Dt)

E (Ds −Dt | Ft)
E (1−Dt | Ft) ,

where the second equality follows from (3.1), and the third one is a consequence of our assumption
that the process Ft − F̃t∧τ is a F-martingale. 2

Remarks. Under assumption (H), the process F̃ is never stopped at τ, unless τ is a F-stopping time.
To show this assume, on the contrary, that F̃t = F̃t∧τ . Let us stress that under (H), the process
Ft − F̃t∧τ is not only a F-martingale, but also a G-martingale (this martingale invariance property
was introduced in Section 4.1.1).

Since by virtue of part (ii) in Proposition 4.8 the processDt−F̃t∧τ is a G-martingale, we conclude
that D − F follows a G-martingale. In view of the definition of F, the last property reads

E (Ds | Gt)−E (E (Ds | Fs) | Gt) = Dt −E (Dt | Ft),
for t ≤ s, or equivalently

E (Ds −Dt | Gt) = E
(
E (Ds | Fs) | Gt)−E (Dt | Ft) = I1 − I2. (4.49)

Under (H), we have

I1 = E (P(τ ≤ s | Fs) | Ft ∨ Dt) = E (P(τ ≤ s | F∞) | Ft ∨ Dt) = E (P(τ ≤ s | F∞) | Ft)
since the random variable P(τ ≤ s | F∞) is obviously F∞-measurable, and the σ-fields F∞ and Dt
are conditionally independent given Ft. Consequently, I1 = E (E (Ds | F∞) | Ft) = E (Ds | Ft). We
conclude that (4.49) can be rewritten as follows

E (Ds −Dt | Gt) = E (Ds | Ft)−E (Dt | Ft).
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Furthermore, applying (4.48) to the right-hand side of the last equality, we obtain

(1−Dt)
E (Ds −Dt | Ft)
E (1−Dt | Ft) = E (Ds −Dt | Ft).

By letting s tend to ∞, we obtain Dt = E (Dt | Ft) or more explicitly, P(τ ≤ t | Ft) = 11{τ≤t} for
every t ∈ R+. This shows that τ is a F-stopping time.

4.1.4 Uniqueness of a Martingale Hazard Process Λ

We shall first examine the relationship between the concept of a F-martingale hazard process Λ of
τ and the classic notion of G-compensator of τ.

Definition 4.4 A process A is a G-compensator of τ if and only if the following conditions are
satisfied: (i) A is a G-predictable right-continuous increasing process, with A0 = 0, (ii) the process
D − A is a G-martingale.

It is well known that for any random time τ and any filtration G such that τ is a G-stopping
time there exists a unique G-compensator A of τ. Moreover, At = At∧τ , that is, A is stopped at τ.
In the next auxiliary result, we deal with an arbitrary filtration F which, when combined with the
natural filtration D of a G-stopping time τ, generates the enlarged filtration G.

Lemma 4.10 Let F be an arbitrary filtration such that G = D ∨ F.
(i) Let A be a G-predictable right-continuous increasing process satisfying At = At∧τ . Then there
exists a F-predictable right-continuous increasing process Λ such that At = Λt∧τ .
(ii) Let Λ be a F-predictable right-continuous increasing process. Then At = Λt∧τ is a G-predictable
right-continuous increasing process.

The next proposition summarizes the relationships between the G-compensator of τ and the
F-martingale hazard process Λ of τ. Once again, F is an arbitrary filtration such that G = D ∨ F.

Proposition 4.9 (i) Let Λ be a F-martingale hazard process of τ. Then the process At = Λt∧τ is
the G-compensator of τ.
(ii) Let A be the G-compensator of τ. Then there exists a F-martingale hazard process Λ such that
At = Λt∧τ .

Let us summarize the results above. First, for any random time τ on some probability space
(Ω,G,P), and an arbitrary filtration F there exists a F-martingale hazard process Λ of τ. Further-
more, it is unique up to time τ, in the following sense: if Λ1 and Λ2 are two F-martingale hazard
processes of τ, then Λ1

t∧τ = Λ2
t∧τ . To ensure the uniqueness after τ of a F-martingale hazard processes

we need to impose additional restrictions on Λ.

Assume now that we are given a G-stopping time τ for some filtration G. Then there exist several
distinct filtrations F such that G = D ∨ F. Assume that G = D ∨ F

1 = D ∨ F
2, and denote by Λi a

F
i-martingale hazard process of τ. Then Λ1

t∧τ = At∧τ = Λ2
t∧τ . It seems reasonable to search for the

F̂-martingale hazard process where F̂ is a ‘minimal’ filtration such that G = D ∨ F̂.

4.2 Relationships Between Hazard Processes Γ and Λ

Let us assume that the F-hazard process Γ is well defined (in particular, τ is not a F-stopping time).
Recall that for any Fs-measurable random variable Y we have (cf. (3.6))

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΓt−Γs | Ft). (4.50)
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The natural question which arises is this context is: can we substitute Γ with the F-martingale
hazard function Λ in the formula above? Of course, the answer is trivial when it is known that the
equality Λ = Γ is valid, for instance, when condition (G) are satisfied and F is a continuous process.
More precisely, we have the following result.

Proposition 4.10 Under assumption (G) the following assertions are valid.
(i) If the F-hazard process Γ is continuous, then the F-martingale hazard process Λ is also continuous,
and both processes coincide, namely,

Γt = Λt = − ln (1− Ft), ∀ t ∈ R+. (4.51)

(ii) If the F-hazard process Γ is a discontinuous process then the equality Λ = Γ is not satisfied, but
we have

e−Γt = e−Λc
t

∏
0<u≤t

(1−∆Λu), (4.52)

where Λc is the continuous component of Λ, that is, Λct = Λt −
∑

0≤u≤t∆Λu.

If, in addition, the process Λ = Γ is absolutely continuous then for any Fs-measurable random
variable Y we get

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y e

−
∫ s

t
λu du | Ft). (4.53)

The following result is an obvious consequence of Proposition 3.1.

Corollary 4.10 Suppose that assumption (G) holds and F follows a continuous process so that
Γt = Λt = − ln (1− Ft) for every t ∈ R+.
i) Let Y = h(τ) for a Borel measurable function h : R+ → R. Then

E (Y | Gt) = 11{τ≤t} h(τ) + 11{τ>t}E
(∫ ∞

t

h(u)eΛt−Λu dΛu
∣∣∣Ft). (4.54)

ii) Let Z be a F-predictable process. Then for any t ≤ s

E (Zτ11{t<τ≤s} | Gt) = 11{τ>t}E
(∫ s

t

Zue
Λt−Λu dΛu

∣∣∣Ft). (4.55)

We shall now examine the following question: does the continuity of the F-martingale hazard
process Λ imply the equality Λ = Γ? The first result in this direction gives only a partial answer to
this question.

Proposition 4.11 Under assumption (G), assume that any F-martingale is continuous. If the F-
martingale hazard process Λ follows a continuous process then for arbitrary t ≤ s and any bounded
Fs-measurable random variable Y we have

11{τ>t}E (Y eΓt−Γs | Ft) = 11{τ>t}E (Y eΛt−Λs | Ft). (4.56)

Proof. We shall show that for any t ≤ s

P(11{τ>s}Y | Gt) = 11{τ>t}E (Y eΛt−Λs | Ft). (4.57)

To this end, let us introduce the F-martingale mt = E (Y e−Λs | Ft), where Y is a bounded Fs-
measurable random variable. Also let L̃t = 11{τ>t} eΛt . The G-martingale property of L̃ follows
easily from Itô’s lemma and the assumed continuity of Λ. Indeed,

dL̃t = (1−Dt−)eΛt dΛt − eΛt dDt = −eΛt dM̃t = −L̃t− dM̃t. (4.58)
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By virtue of part (i) in Lemma 3.6 the stopped process m̃t = mt∧τ is a continuous G-martingale, so
that it is orthogonal to the G-martingale Zt = L̃t∧s (which is obviously of finite variation). Therefore
the product m̃Z is a G-martingale, and thus

E (m̃sZs | Gt) = m̃tZt = 11{τ>t}mt∧τeΛt = 11{τ>t}mte
Λt = 11{τ>t}E (Y eΛt−Λs | Ft).

Furthermore,
m̃sZs = 11{τ>s}ms∧τeΛs = 11{τ>s} Y mse

Λs = Y 11{τ>s}.

This shows that (4.57) is indeed satisfied. Combining (4.57) with (4.50), we get (4.56). 2

It appears that under the assumptions of Proposition 4.11 we can establish the equality Γ = Λ
as the following result shows.

Proposition 4.12 Under assumption (G), if F supports only continuous martingales, then:
(i) if Λ is a continuous process, then Γ is also continuous and Λ = Γ,
(ii) if Λ is a discontinuous process, then Γ is also a discontinuous process, and Λ 6= Γ.

Proof. We know that the F-martingale hazard process Λ is given by (4.47). Therefore, if Λ is
continuous then also F̃ is continuous, and thus also F = M̃ + F̃ follows an increasing continuous
process. Consequently, Λ is given by (4.46) and thus Λt = − ln (1−Ft) = Γt. The second statement
follows by similar arguments. 2

To the best of our knowledge, it is not known whether the (absolute) continuity of Λ implies
the (absolute) continuity of Γ, in general (under (G), say). The following conjecture seems to be
natural.

Conjecture (A). Under assumption (G), if the F-martingale hazard process Λ is continuous, then
Γ = Λ.

In view of Proposition 4.7, it would be enough to show that Γ is a continuous process, and the
equality Γ = Λ would then follow. The following example shows that Conjecture A is false, in
general, when hypothesis (G) fails to hold.

Example 4.1 Let (Wt, t ∈ R+) be a standard Brownian motion on (Ω,F,P), where F = F
W is the

natural filtration of W. A random time τ is defined by τ = sup { t ≤ 1 : Wt = 0 }. We set G = D∨F.
Then the F-hazard process of τ equals Γt = − ln (1− Ft), where

Ft = P(τ ≤ t | Ft) = Φ
( |Wt|√

1− t

)
, and Φ(x) :=

√
2
π

∫ x

0

e−u
2/2 du.

On the other hand, the F-martingale hazard process of τ is

Λt =

√
2
π

∫ t

0

dL0
s√

1− s
,

where L0 stands for the local time of W at 0. Indeed, we have the following well known result (see,
for instance, Yor [26]).

Lemma 4.11 We have

Ft = P(τ ≤ t | Ft) = Φ
( |Wt |√

1− t

)
. (4.59)

The F-compensator of F equals

F̃t =

√
2
π

∫ t

0

dL0
s√

1− s
,

where L0 is the local time at level 0 of the Brownian motion W.
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Proof. For t < 1, the set {τ ≤ t} is equal to {dt > 1}, where

dt = inf { u ≥ t : Wu = 0}.
Let us recall the following equality (cf. Yor [26])

dt = t+ inf {u ≥ 0 : Wu+t −Wt = −Wt} = t+ τ̂−Wt

d= t+
W 2
t

G2
. (4.60)

We denote here τ̂b := inf {u ≥ 0 : Ŵu = b}, where Ŵ is a Brownian motion independent of FWt .
Also, G is a Gaussian variable, with mean 0 and variance 1, independent of Wt. It is clear that

P
( a2

G2
> 1− t

)
= Φ

( | a |√
1− t

)
. (4.61)

The Itô-Tanaka formula combined with the identity xΦ′(x) + Φ′′(x) = 0 lead to

P(τ ≤ t | Ft) = Φ
( |Wt |√

1− t

)
=

∫ t

0

Φ′
( |Ws |√

1− s

)
d

( |Ws |√
1− s

)
+

1
2

∫ t

0

Φ′′
( |Ws |√

1− s

)
ds

1− s

=
∫ t

0

Φ′
( |Ws |√

1− s

)
sgn(Ws)√

1− s
dWs +

∫ t

0

Φ′
( |Ws |√

1− s

)
dL0

s√
1− s

=
∫ t

0

Φ′
( |Ws |√

1− s

)
sgn(Ws)√

1− s
dWs +

√
2
π

∫ t

0

dL0
s√

1− s
.

But in view of (4.60)-(4.61)

P(τ ≤ t | Ft) = P(dt > 1 | Ft) = Φ
( |Wt |√

1− t

)
,

and thus the F-compensator of F is

F̃t =

√
2
π

∫ t

0

dL0
s√

1− s
.

This ends the proof. 2

Using the well-known property of the local time

L0
t =

∫ t

0

11{Ws=0} dL0
s

we find that L0
t = L0

t∧τ , so that F̃t = F̃t∧τ . Consequently, in view of part (ii) in Proposition 4.8
we conclude that the F-martingale hazard process Λ equals F̃ . Notice that condition (G) is not
satisfied in the present setup (thus (H) does not hold). Furthermore, both Γ and Λ are continuous
processes, but Λ follows an increasing process and Γ has non-zero continuous martingale part, so
that clearly Γ and Λ do not coincide. To conclude, if (G) fails to hold, the continuity of Γ and Λ
is not sufficient for the equality Γ = Λ to hold. Notice also that the G-compensator A of D, which
satisfies At = Λt∧τ is also equal F̃ . Let us finally observe that F-martingale hazard process Λ is also
the F̂-martingale hazard process of τ, where F̂ stands for the natural filtration of |Wt| (of course, F̂

is a strict subfiltration of F). Similarly, we have Ft = P(τ ≤ t | Ft) = P(τ ≤ t | F̂t) = F̂t for every
t, and thus Γt = Γ̂t.

4.3 Martingale Representation Theorem

We shall first consider the following setup: we are given an underlying filtration F and the enlarged
fitration G = F ∨ D, where D is generated by a random time τ. In addition, we assume that the
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assumptions of Proposition 4.8 are valid, so that F follows an increasing F-predictable process and
the F-martingale hazard process Λ of a random time τ is given by the formula

Λt =
∫

]0,t]

dFu
1− Fu−

. (4.62)

By the definition of the F-martingale hazard process the compensated process M̃t = Dt − Λt∧τ
follows a G-martingale. Recall also that by virtue of Lemma 3.7 the process L given by the formula

Lt := 11{τ>t}(1− Ft)−1 =
1−Dt

1− Ft

is always a G-martingale. We shall check that

dLt = −(1− Ft)−1 dM̃t. (4.63)

To this end, we note that

At := Λt∧τ =
∫

]0,t]

1−Du−
1− Fu−

dFu =
∫

]0,t]

Lu− dFu. (4.64)

Moreover, since
1−Dt = Lt(1− Ft)

we get by Itô’s lemma (notice that L is also a process of finite variation)

dDt = Lt− dFt − (1− Ft) dLt = At − (1− Ft) dLt

The following result is a counterpart of Proposition 3.4.

Proposition 4.13 Let Z be a F-predictable process such that the random variable Zτ is integrable.
Then the G-martingale MZ

t := E(Zτ | Gt) admits the following decomposition

MZ
t = m0 +

∫
]0,t]

Lt−dmu +
∫

]0,t]

(Zu −Du) dM̃u, (4.65)

where m is a F-martingale, namely,

mt = E
(∫ ∞

0

Zu dFu

∣∣∣Ft)

so that in particular m0 = MZ
0 . Moreover

Dt = (1− Ft)−1E
(∫ ∞

t

Zu dFu

∣∣∣Ft).
Proof. By virtue of Proposition 3.1, we have (cf. (3.3))

MZ
t = E (Zτ | Gt) = DtZτ + (1 −Dt)Dt = DtZτ + D̂t

where
D̂t := (1−Dt)Dt = Lt

(
mt −

∫
]0,t]

Zu dFu
)
.

Notice that L follows a process of finite variation so that

dD̂t = Lt−(dmt − Zt dFt) +Dt(1 − Ft) dLt
= Lt− dmt − Zt dDt +Dt(1− Ft) dLt
= Lt− dmt − Zt dDt −Dt dM̃t,
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where we have used (4.63) and (4.64). Consequently,

dMZ
t = Zt dDt + dD̂t = Lt− dmt + (Zt −Dt) dM̃t

This gives the desired expresssion (4.65). 2

Formula (4.65) can also be rewritten as follows

MZ
t = m0 +

∫
]0,t∧τ ]

(1− Ft−)−1 dmu +
∫

]0,t]

(Zu −Du) dM̃u. (4.66)

4.4 Case of the Martingale Invariance Property

In the next result, we assume that the martingale invariance property (H) holds. Recall that condi-
tion (G) is then also satisfied. It should be stressed, however, that we shall work directly with the
F-martingale hazard process Λ. Therefore, Proposition 4.14 covers also the case when the F-hazard
process Γ does not exist (for instance, when τ is a F-stopping time). It appears that equality (4.57)
is valid for a Gs-measurable random variable Y, provided that a suitable continuity condition is
satisfied. The following result is due to Duffie et al. [13].

Proposition 4.14 Assume that hypothesis (H) is satisfied and the F-martingale hazard process Λ
of τ is continuous. For a fixed s > 0, let Y be a Gs-measurable integrable random variable. If the
(right-continuous) process V, given by the formula

Vt = E
(
Y eΛt−Λs | Ft), ∀ t ∈ [0, s], (4.67)

is continuous at τ, that is, ∆Vs∧τ = Vs∧τ − V(s∧τ)− = 0, then for any t < s we have

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΛt−Λs | Ft).

Proof. We shall first check that

Ut := 11{τ>t}Vt = E
(
∆Vτ11{t<τ≤s} + 11{τ>s}Y

∣∣Gt), (4.68)

or equivalently

Ut = E
(∫

]t,s]

∆Vu dDu + 11{τ>s}Y
∣∣∣Gt). (4.69)

In view of (4.67), Vt = eΛtmt, where m is a F-martingale: mt := E
(
Y e−Λs | Ft) for t ∈ [0, s] (notice

that m is also a G-martingale). Using Itô’s product rule, we obtain

dVt = mt− deΛt + eΛt dmt = Vt−e−Λt deΛt + eΛt dmt. (4.70)

On the other hand, an application of Itô’s formula yields

dUt = (1−Dt−) dVt − Vt− dDt −∆Vt∆Dt.

Combining the last formula with (4.70), we obtain

dUt = (1−Dt−)
(
Vt−e−Λt deΛt + eΛt dmt

)− Vt− dDt −∆Vt dDt.

After rearranging, we get
dUt = −∆Vt dDt + dCt, (4.71)

where C stands for a G-martingale. More precisely,

dCt = (1 −Dt−)eΛt dmt + dDt,
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where in turn

dDt = −Vt−
(
dDt − (1−Dt−)e−Λt deΛt

)
= −Vt− d(Dt − Λt∧τ ) = −Vt− dM̃t,

so that D is a G-martingale. Since obviously Us = 11{τ>s}Y, (4.71) implies (4.69). If V is continuous
at τ then (4.68) yields

E (11{τ>s} Y | Gt) = 11{τ>t}Vt = 11{τ>t}E
(
Y eΛt−Λs | Ft).

This completes the proof. 2

The following corollary provides a sufficient condition for the martingale hazard process Λ to
determine the conditional survival probability of τ given the σ-field Gt.

Corollary 4.11 Under the assumptions of Proposition 4.14, if the process V given by the formula

Vt = E
(
eΛt−Λs | Ft), ∀ t ∈ [0, s], (4.72)

is continuous at τ, that is, ∆Vs∧τ = Vs∧τ − V(s∧τ)− = 0, then for any t ≤ s we have

P(τ > s | Gt) = 11{τ>t}E
(
eΛt−Λs | Ft).

Let us stress that the case when F = G (that is, the case when τ is a G-stopping time) is also
covered by Corollary 4.11.

4.4.1 Application to the Valuation of Defaultable Claims

Assume that B is a F-adapted continuous process of finite variation given by the formula

Bt = exp
(∫ t

0

ru du
)

for some F-adapted integrable process r. The process B is referred to as the savings account. Let
us set

St := BtE
(∫

]t,T ]

B−1
u Zu dDu +B−1

T X11{T<τ}
∣∣∣Gt), (4.73)

where Z is a G-predictable process and X is a GT -measurable random variable. Then we have the
following result due to Duffie et al. [13].

Proposition 4.15 Assume that a random time τ admits an absolutely continuous F-martingale
hazard process Λ. For a given G-predictable process Z and GT -measurable random variable X, define
the process V by setting

Vt = B̃tE
(∫ T

t

B̃−1
u Zuλu du+ B̃−1

T X
∣∣∣Gt), (4.74)

where B̃ is the ‘savings account’ corresponding to the default-adjusted short-term rate Rt = rt + λt,
that is,

B̃t = exp
(∫ t

0

(ru + λu) du
)
.

Then,
11{τ>t}Vt = BtE

(
B−1
τ (Zτ + ∆Vτ )11{t<τ≤T} +B−1

T X11{T<τ}
∣∣∣Gt).
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Corollary 4.12 Let the processes S and V be defined by (4.73) and (4.74), respectively. Then (i)

St = 11{τ>t}
(
Vt −BtE

(
B−1
τ 11{τ≤T}∆Vτ

∣∣Gt)),
(ii) if ∆Vτ = 0, then St = 11{τ>t}Vt for every t ∈ [0, T ].

Conjecture (B). Under assumption (H), if Z is a F-predictable process and X is a FT -measurable
random variable, then the continuity condition ∆Vτ = 0 is satisfied.

Instead of proving conjecture (B), to establish the equality St = 11{τ>t}Vt, which is the convenient
form of the valuation formula (4.73), it is enough to show first that Λ = Γ and use the following
result.

Proposition 4.16 Assume that the condition (H) is valid and τ admits an absolutely continuous
F-martingale hazard function Λ. Let Z be a F-predictable process and X be a FT -measurable random
variable. If Γ = Λ then St = 11{τ>t}Vt for t ≤ T, where processes S and V are given by (4.73) and
(4.74), respectively.

Proof. First, in view of (H), we have, for any u > t (for the first equality, see Lemma 3.3)

P(τ ≥ u | F∞ ∨ Dt) = 11{τ>t}
P(τ ≥ u | F∞)
P(τ ≥ t | F∞)

= 11{τ>t}
P(τ ≥ u | Fu)
P(τ ≥ t | Ft) = 11{τ>t}eΓt−Γu .

Therefore, if Z is a F-predictable process and X is a FT -measurable random variable, we obtain

St = BtE
(∫ T

t

B−1
u Zuλu11{u≤τ} du+B−1

T X11{T<τ}
∣∣∣Gt)

= BtE
(∫ T

t

B−1
u ZuλuP{τ ≥ u | F∞ ∨ Dt} du

∣∣∣Gt) + E
(
B−1
T X P{τ > T | F∞ ∨ Dt}

∣∣∣Gt)

= 11{τ>t}BtE
(∫ T

t

B−1
u Zuλue

Γt−Γu du
∣∣∣Ft ∨Dt) + 11{τ>t}E

(
B−1
T XeΓt−ΓT

∣∣∣Ft ∨ Dt)

= 11{τ>t}BtE
(∫ T

t

B−1
u Zuλue

Γt−Γu du
∣∣∣Ft) + 11{τ>t}E

(
B−1
T XeΓt−ΓT

∣∣∣Ft),
where the last equality is an immediate consequence of (H) (see, e.g., (H.3)). If Γ = Λ, we may
replace Γ by Λ in the last formula. 2

4.5 Martingale Hazard Process of a Stopping Time

Assume now that the random time τ is a F-stopping time. This holds if and only if Dt ⊂ Ft for
every t ∈ R+, or equivalently, if Ft = Gt for every t ∈ R+. For obvious reasons, condition (H) is then
satisfied. Moreover, F = D so that the F-hazard process Γ of τ is not well defined. In view of our
further purposes, we find it convenient to refer to τ as a G-stopping time, rather than a F-stopping
time. If τ is a G-predictable stopping time then we get simply Λ = D. On the other hand, if τ is
a totally inaccessible G-stopping time, then the G-compensator of the associated jump process D
follows a continuous process.7 Once again, we have Λ 6= Γ since obviously the G-hazard process Γ is
not well defined.8 Nevertheless, as already noticed in the previous section, the process Λ can be used
in the evaluation of certain conditional expectations, provided that some additional assumptions are
fulfilled. The following result is a straightforward consequence of Proposition 4.14.

7See, for instance, Theorem V.T40 in Dellacherie [8].
8However, it is plausible that Λ coincides with the F̂-hazard process Γ̂ for a certain sub-filtration F̂ of G. Of course,

τ cannot be a stopping time with respect to F̂ (see the example below).
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Corollary 4.13 Assume that the G-martingale hazard process Λ of a G-stopping time is an abso-
lutely continuous process. For a fixed s > 0, let Y be a Gs-measurable random variable. If the process
V, given by the formula

Vt = E
(
Y eΛt−Λs | Gt) = E

(
Y e

−
∫

s

t
λu du | Gt), ∀ t ∈ [0, s],

is continuous at τ, then for any t < s we have

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΛt−Λs | Gt) = E

(
Y e

−
∫

s

t
λu du | Gt).

Example 4.2 Let τ be a random time, given on some probability space (Ω,G,P), such that the
cumulative distribution function F of τ is continuous. If we take G = D, then τ is a totally
inaccessible G-stopping time, and its G-martingale hazard process Λ satisfies

Λt∧τ =
∫ t∧τ

0

dF (u)
1− F (u)

(for instance, Λt∧τ = t∧ τ when τ has a unit exponential law under P). It is thus clear that we have
Λt = Γ0(t ∧ τ) = Λ0(t ∧ τ), where Γ0 (Λ0) is the (martingale) hazard function of τ. We set

Λt =
∫ t

0

dF (u)
1− F (u)

= Γ0(t) = Λ0(t), ∀ t ∈ R+.

For the process Λ given above, the process V given by (4.72) does not have a jump at τ (for any
fixed s > 0) and thus for arbitrary t < s we have

P(τ > s | Gt) = 11{τ>t}E (eΛt−Λs | Gt) = 11{τ>t}
1− F (s)
1 − F (t)

,

as expected. To conclude, the G-martingale hazard process Λ of τ coincides in fact with the F
0-

martingale hazard process of τ (which in turn coincides with the hazard function of τ). It would be
thus more natural to consider τ as a random time with respect to the trivial filtration F

0, and to
consider the following representation of the ‘enlarged’ filtration: G = D ∨ F

0.

Conjecture (C). If Λ is continuous and equality

P(τ > s | Gt) = 11{τ>t}E (eΛt−Λs | Gt)
holds for every t ≤ s, then we can find a suitable decomposition G = D ∨ F, such that Λ is a
F-martingale hazard process, and

P(τ > s | Gt) = 11{τ>t}E (eΛt−Λs | Ft)
for every t ≤ s.

4.6 Random Time with a Given Hazard Process

In this section, we shall examine the commonly used construction of a random time for a given
‘hazard process’ Ψ. The F-adapted continuous process Ψ can be equally well considered as the F-
hazard process Γ, or the F-martingale hazard process Λ. Indeed, in the standard construction of τ
the following properties hold:
(i) Ψ coincides with the F-hazard process Γ of τ,
(ii) Ψ is the F-martingale hazard process of a random time τ, and
(iii) Ψ is G-martingale hazard process of τ considered as a G-stopping time.
It should be stressed that τ constructed below is a random time (but not a stopping time) with
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respect to the filtration F, and it is a totally inaccessible stopping time with respect to the enlarged
filtration G.

Let Ψ be a F-adapted, continuous, increasing process given on a filtered probability space
(Ω̃,F, P̃) such that Ψ0 = 0 and Ψ∞ = +∞. For instance, Ψ can be given by the formula

Ψt =
∫ t

0

ψu du, ∀ t ∈ R+, (4.75)

where ψ is a non-negative F-progressively measurable process. Our goal is to construct a random
time τ, on an enlarged probability space (Ω,G,P), in such a way that Ψ is a F-(martingale) hazard
process of τ. To this end, we assume that ξ is a random variable on some probability space9 (Ω̂, F̂ , P̂),
with the uniform probability law on [0, 1]. We may take the product space Ω = Ω̃× Ω̂, G = F∞⊗ F̂
and P = P̃⊗ P̂. We introduce the random time τ by setting

τ = inf { t ∈ R+ : e−Ψt ≤ ξ } = inf { t ∈ R+ : Ψt ≥ − ln ξ }. (4.76)

As usual, we set Gt = Dt ∨ Ft for every t. We shall now check that properties (i)-(iii) also hold.

Proof of (i). We shall first check that (i) holds. To this end, we shall find the process Ft = P(τ ≤
t | Ft). Since clearly {τ > t} = {e−Ψt > ξ}, we get P(τ > t | F∞) = e−Ψt . Consequently,

1− Ft = P(τ > t | Ft) = E
(
P(τ > t | F∞) | Ft

)
= e−Ψt ,

and thus F is a F-adapted continuous increasing process. Notice that

Ft = 1− e−Ψt = P(τ ≤ t | F∞) = P(τ ≤ t | Ft). (4.77)

We conclude that Ψ coincides with the F-hazard process Γ.

Proof of (ii). The next step is to check that Ψ is the F-martingale hazard process Λ. This can
be done either directly, or through equality Λ = Γ. Since Ψ is a continuous process, to show that
Λ = Γ, it is enough to check that condition (H) holds, and to apply Corollary 4.10.

¿From (4.77), (H) is valid. We fix t and we consider an arbitary u ≤ t. Since for any u ∈ R+

P(τ ≤ u | F∞) = 1− e−Ψu , (4.78)

we indeed obtain

P(τ ≤ u | Ft) = E
(
P(τ ≤ u | F∞)

∣∣Ft) = 1− e−Ψu = P(τ ≤ u | F∞).

Alternatively, we may also check directly that (H) holds. Since {τ ≤ s} = {Ψs ≥ − ln ξ} ∈
F̂ ∨Fs, it is clear that Ft ⊂ Dt ∨Ft ⊂ F̂ ∨Ft. Therefore, for any F∞-measurable bounded random
variable ξ, we have

E (ξ | Dt ∨ Ft) = E (ξ | F̂ ∨ Ft) = E (ξ | Ft), (4.79)

where the second equality is a consequence of the independence of F̂ and F∞. This shows that (H)
holds.

We conclude that the F-martingale hazard process Λ of τ coincides with Γ. To be more specific,
we have Ψt = Λt = Γt = − ln (1− Ft). Furthermore, the martingale invariance property holds: any
F-martingale is also a G-martingale.

Proof of (iii). Let us now check directly that Ψ is a F-martingale hazard process of a random time
τ. Since Ψ is a F-predictable process (and thus a G-predictable process), we shall simultaneously

9Of course, it is enough to assume that we may define on (Ω,G,P) a random variable ξ which is uniformly

distributed on [0, 1], and is independent of the process Ψ (we then set F̂ = σ(ξ)).
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show that Ψ is also the G-martingale hazard process of a G-stopping time τ. We need to verify that
the process Dt −Ψt∧τ follows a G-martingale. First, by virtue of Lemma 3.2 we have for t ≤ s

E (Ds −Dt | Gt) = E (11{t<τ≤s} | Gt) = 11{τ>t}E (11{t<τ≤s} | Gt) = 11{τ>t}
P(t < τ ≤ s | Ft)

P(τ > t | Ft) .

Using (4.77), we get P(t < τ ≤ s | Ft) = E (Fs | Ft)− Ft. Therefore

E (Ds −Dt | Gt) = 11{τ>t}
E (Fs | Ft)− Ft

1− Ft
. (4.80)

On the other hand, if we set Y = Ψs∧τ −Ψt∧τ , then in view of (i) we get

Y = 11{τ>t}Y = ln
(1− Fs∧τ

1− Ft∧τ

)
=

∫
]t,s∧τ ]

dFu
1− Fu

.

Using again (3.1), we obtain

E
(
Y | Gt

)
= 11{τ>t}

E (Y | Ft)
P(τ > t | Ft) = 11{τ>t}

E
( ∫

]t,s∧τ ](1− Fu)−1dFu | Ft
)

1− Ft
= 11{τ>t}

E (Fs | Ft)− Ft
1− Ft

.

We conclude that the process Dt −Ψt∧τ is indeed a G-martingale.

Notice that the role played by the ‘hazard process’ Ψ in (i) and (iii) is slightly different. If we
consider Ψ as a F-hazard process of τ, then using Corollary 3.1 we deduce that for any Fs-measurable
random variable Y

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΓt−Γs | Ft). (4.81)

On the other hand, if Ψ is considered as the G-martingale hazard process then, in view of Corollary
4.13, for any Gs-measurable random variable Y such that the associated process V is continuous at
τ we obtain

E (11{τ>s} Y | Gt) = 11{τ>t}E
(
Y eΛt−Λs | Gt). (4.82)

If Y is actually Fs-measurable then we have (see (4.79))

E
(
Y eΛt−Λs | Gt) = E

(
Y eΛt−Λs | Ft ∨ Dt) = E

(
Y eΛt−Λs | Ft)

so that the associated process V is necessarily continuous at τ, and formulae (4.81) and (4.82)
coincide.

Remarks. Assume that Ψ satisfies (4.75). Then (4.80) can be rewritten as follows

P(t < τ ≤ s | Gt) = 11{τ>t}E
(
1− e

−
∫

s

t
ψu du | Ft

)
. (4.83)

Using (4.77), we find that the cumulative distribution function of a random time τ under P equals

P(τ ≤ t) = 1−E
(
e
−

∫ t

0
ψu du

)
= 1− e

−
∫ t

0
γ0(u) du

,

where we write γ0 to denote the unique F
0-intensity of τ.

5 Analysis of Several Random Times

In this section, we shall deal with several random times. Suppose we are given random times
τ1, . . . , τn, defined on a common probability space (Ω,G,P) endowed with a filtration F. We are
interested in the study of the hazard functions and processes associated with these random times.
In particular, one of our goals will be to examine the relationship between the (F,G)-martingale



M.Jeanblanc & M.Rutkowski 47

hazard processes of stopping times τi and the (F,G)-martingale hazard process of their minimum
τ = min (τ1, . . . , τn). For i = 1, . . . , n we set

Di
t = 11{τi≤t}, ∀ t ∈ R+,

and we introduce the associated filtration D
i generated by the processDi. We introduce the enlarged

filtration G := D
1 ∨ . . . ∨ D

n ∨ F. It is thus evident that τ1, . . . , τn are stopping times with respect
to the filtration G.

5.1 Ordered Random Times

Consider two F-adapted increasing continuous processes, Ψ1 and Ψ2, which satisfy Ψ2
0 = Ψ1

0 = 0
and Ψ2

t > Ψ1
t for every t ∈ R+. Let ξ be a random variable which is uniformly distributed on [0, 1],

and is independent of the process Ψ. For i = 1, 2 we set (see Section 4.6)

τi = inf { t ∈ R+ : e−Ψi
t ≤ ξ } = inf { t ∈ R+ : Ψi

t ≥ − ln ξ }. (5.1)

so that obviously τ1 < τ2 with probability 1.

We shall write G
i = D

i ∨ F, for i = 1, 2, and G = D
1 ∨ D

2 ∨ F. An analysis of each random
time τi with respect to its ‘natural’ enlarged filtration G

i can be done along the same lines as in the
previous section. Recall that for two filtration F ⊂ G, a F-predictable right-continuous increasing
process Λi is a (F,G)-martingale hazard process of a random time τi if the process

M i
t = Di

t − Λit∧τi

follows a G-martingale. It is clear that for each i the process Ψi represents: (i) the (F,Gi)-hazard
process Γi of a random time τi, (ii) the (F,Gi)-martingale hazard process Λi of a random time τi,
and (iii) the G

i-martingale hazard process of τi when τi is considered as a G
i-stopping time.

We shall focus on the study of hazard processes with respect to the enlarged filtrations. We find
it convenient to introduce the following auxiliary notation:10 F

i = D
i ∨ F, so that G = D

1 ∨ F
2 and

G = D
2 ∨ F

1. Let us start by an analysis of τ1. We are looking for the (F2,G)-hazard process Γ̃1 of
τ1, as well as for the (F2,G)-martingale hazard process Λ̃1 of τ1. We shall first check that Γ̃1 6= Γ1.
Indeed, by virtue of the definition of a hazard process we have, for t ∈ R+,

e−Γ1
t = P(τ1 > t | Ft) = e−Ψ1

t .

and
e−Γ̃1

t = P(τ1 > t | F2
t ) = P(τ1 > t | Ft ∨ D2

t ).

Equality Γ̃1 = Γ1 would thus imply the following relationship, for every t ∈ R+,

P(τ1 > t | Ft ∨ D2
t ) = P(τ1 > t | Ft), (5.2)

The relationship above is manifestly not valid, however. In effect, the inequality τ2 ≤ t implies τ1 ≤ t,
therefore on the set {τ2 ≤ t}, which clearly belongs to the σ-field D2

t , we have P(τ1 > t | Ft∨D2
t ) = 0,

and this contradicts (5.2). This shows also that the (F2,G)-hazard process Γ̃1 is well defined only
strictly before τ2.

On the other hand, since G = G
1 ∨D

2, it is clear that the process D1
t −Ψ1

t∧τ1, which is of course
stopped at τ1, is not only a G

1-martingale, but also a G-martingale. We conclude that Ψ1 coincides
with the (F2,G)-martingale hazard process Λ̃1 of τ1. A similar reasoning shows that Ψ1 represents
also the G-martingale hazard process Λ̂1 of τ1.

10Though in the present setup F
i = G

i, this double notation will appear useful in what follows.
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As one might easily guess, the properties of τ2 with respect to the filtration F
1 are slightly

different. First, we have

e−Γ̃2
t = P(τ2 > t | F1

t ) = P(τ2 > t | Ft ∨ D1
t ).

We claim that Γ̃2 6= Γ2, that is, the equality

P(τ2 > t | Ft ∨ D1
t ) = P(τ2 > t | Ft) (5.3)

is not valid, in general. Indeed, the inequality τ1 > t implies τ2 > t, and thus on set {τ1 > t}, which
belongs to D1

t , we have P(τ2 > t | Ft ∨D1
t ) = 1, in contradiction with (5.3). Notice that the process

Γ̃2 is not well defined after time τ1.

Furthermore, the process D2
t − Ψ2

t∧τ2 is a G
2-martingale; it does not follow a G-martingale,

however (otherwise, the equality Γ̃2 = Γ2 = Ψ2 would hold on [0, τ2], but this is clearly not true).
The exact evaluation of the (F1,G)-martingale hazard process Λ̃2 of τ2 seems to be rather difficult.
Let us only mention that it is reasonable to expect that Λ̃2 it is discontinuous at τ1.

Let us finally notice that τ1 is a totally inaccessible stopping time not only with respect to G
1,

but also with respect to the filtration G. On the other hand, τ2 is a totally inaccessible stopping
time with respect to G

1, but it is a predictable stopping time with respect to G. Indeed, we may
easily find an announcing sequence τn2 of G-stopping times, for instance,

τn2 = inf { t ≥ τ1 : Ψ2
t ≥ − ln ξ − 1

n }.
Therefore the G-martingale hazard process Λ̂2 of τ2 coincides with the G-predictable process D2

t =
11{τ2≤t}. Let us set τ = τ1 ∧ τ2. In the present setup, it is evident that τ = τ1, and thus the G-
martingale hazard process Λ̂ of τ is equal to Ψ1. It is also equal to the sum of G-martingale hazard
processes Λ̂i of τi, i = 1, 2. Indeed, we have

Λ̂t∧τ = Ψ1
t∧τ = Ψ1

t∧τ +D2
t∧τ = Λ̂1

t∧τ + Λ̂2
t∧τ .

We shall see in the next section that this property is universal (though not always very useful).

5.2 Properties of the Minimum of Several Random Times

We shall examine the following problem: given a finite family of random times τi, i = 1, . . . , n, and
the associated hazard processes, find the hazard process of the random time τ = τ1 ∧ . . . ∧ τn. The
problem above cannot be solved in such a generality, that is, without the knowledge of the joint
law of (τ1, . . . , τn). Indeed, as we shall see in what follows the solution depends heavily on specific
assumptions on random times and the choice of filtrations (we follow Duffie [11] and Kusuoka [19]).

5.2.1 Hazard Function of the Minimum of Several Random Times

Let us first consider a simple result, in which we focus on the calculation of the hazard function of
the minimum of several independent random times.

Lemma 5.1 Let τi, i = 1, . . . , n, be n random times defined on a common probability space (Ω,G,P).
Assume that τi admits the hazard function Γi. If τi, i = 1, . . . , n, are mutually independent random
variables, then the hazard function Γ of τ is equal to the sum of hazard functions Γi, i = 1, . . . , n.

Proof. For any t ∈ R+ we have

e−Γ(t) = 1− F (t) = P(τ > t) = P(min (τ1, . . . , τn) > t) =
n∏
i=1

P(τi > t)

=
n∏
i=1

(1− Fi(t)) =
n∏
i=1

e−Γi(t) = e−
∑

n

i=1
Γi(t). 2



M.Jeanblanc & M.Rutkowski 49

Let us now focus on the case of continuous distribution functions Fi, i = 1, . . . , n. In this case, we
get also Λ(t) =

∑n
i=1 Λi(t). In particular, if τi admits the intensity γi(t) = λi(t) = fi(t)(1−Fi(t))−1,

for each i, then the process

Dt −
n∑
i=1

∫ t∧τ

0

γi(u) du = 11{τ≤t} −
n∑
i=1

∫ t∧τ

0

λi(u) du

follows a D-martingale, where D = D
1 ∨ . . . ∨ D

n.

Conversely, if the hazard function of τ satisfies Λ(t) = Γ(t) =
∑n

i=1 Γi(t) =
∑n

i=1 Λi(t) for every
t then we obtain

P(τ1 > t, . . . , τn > t) =
n∏
i=1

P(τi > t), ∀ t ∈ R+.

5.2.2 Martingale Hazard Process of the Minimum of Several Random Times

We borrow from Duffie [11] the following simple result (see Lemma 1 therein).

Lemma 5.2 Let τi, i = 1, . . . , n, be random times such that P(τi = τj) = 0 for i 6= j. Then the
(F,G)-martingale hazard process Λ of τ = τ1 ∧ . . . ∧ τn is equal to the sum of (F,G)-martingale
hazard processes Λi – that is,

Λt =
n∑
i=1

Λit, ∀ t ∈ R+. (5.4)

If Λ is a continuous process then the process L̃ given by the formula L̃t = (1 − Dt)eΛt is a G-
martingale.

Proof. By assumption, for any i = 1, . . . , n, the process M̃ i
t := Di

t − Λit∧τi
is a G-martingale.

Therefore, by the well-known properties of martingales the stopped process11

(M̃ i
t )
τ = Di

t∧τ − Λit∧τi∧τ = Di
t∧τ − Λit∧τ

also follows a G-martingale for any fixed i. On the other hand, since P(τi = τj) = 0 for i 6= j, we
have

n∑
i=1

Di
t∧τ = Dt = 11{τ≤t}.

Therefore, the process

M̃t := Dt −
n∑
i=1

Λit∧τ =
n∑
i=1

(M̃ i
t )
τ

obviously follows a G-martingale, as a sum of G-martingales. We conclude that the (F,G)-martingale
hazard process Λ of τ satisfies (5.4). The second statement is an easy consequence of Itô’s formula,
which gives

L̃t = 1−
∫

]0,t]

L̃u− dM̃u. (5.5)

This ends the proof. 2

The striking feature of Lemma 5.2 is that the (F,G)-martingale hazard process of τ can be easily
found without the knowledge the joint probability law of random times τ1, . . . , τn. It should thus be
observed that in order to make use of the notion of a (F,G)-martingale hazard process Λ we need

11Of course, if τi, i = 1 . . . , n are stopping times with respect to the filtration G, then τ is also a G-stopping time.
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to show in addition that Λ actually possesses desired properties. For instance, it would be useful to
know whether the equality

P(τ > s | Gt) = 11{τ>t}E
(
eΛt−Λs | Ft) (5.6)

holds for every t ≤ s, or more generally whether we have

E (11{τ>s}Y | Gt) = 11{τ>t}E
(
Y eΛt−Λs | Ft) (5.7)

for any bounded Gs-measurable (or Fs-measurable) random variable Y.

From now on, we shall assume that hypothesis (H) is satisfied. Combining Lemma 5.2 with
Corollary 4.11, we get immediately the following result, which gives only a partial answer to the last
question, however (see also Proposition 5.2 for related results).

Proposition 5.1 Let τi, i = 1, . . . , n, be random times such that P(τi = τj) = 0 for i 6= j. Assume
that hypothesis (H) is satisfied and that each random time τi admits a continuous (F,G)-martingale
hazard process Λi. Let us set Λ =

∑n
i=1 Λi, and let Y be a bounded Gs-measurable random variable.

Assume that the process V given by the formula

Vt = E
(
Y eΛt−Λs | Ft), ∀ t ∈ [0, s], (5.8)

is continuous at τ. Then for any t < s we have

E (11{τ>s}Y | Gt) = 11{τ>t}E
(
Y eΛt−Λs | Ft). (5.9)

In the case of absolutely continuous processes Λi we have

Vt = E
(
Y e

−
∑n

i=1

∫
s

t
λi

u du | Ft), (5.10)

and
E (11{τ>s}Y | Gt) = 11{τ>t}E

(
Y e

−
∑n

i=1

∫
s

t
λi

u du | Ft). (5.11)

At the first glance Proposition 5.1 seems to be a very useful and powerful result, since apparently
it covers the case of independent and dependent random times. Notice, however, that the assump-
tions in Proposition 5.1 are rather restrictive: (i) any F-martingale is a G-martingale, (ii) each
(F,G)-martingale hazard process Λi is continuous. In addition, we deal here with a rather delicate
issue of checking the continuity of V at τ. Therefore, the number of circumstances when Proposition
5.1 can be easily applied is in fact rather limited. One of them is examined in the foregoing example,
in which random times τi are assumed conditionally independent given the filtration F.

Example 5.3 Let ψ1 and ψ2 be two F-progressively measurable non-negative stochastic processes
defined on a common probability space (Ω,G,P), endowed with the filtration F. We assume that∫ ∞

0

ψ1
u du =

∫ ∞

0

ψ2
u du = ∞

and we set

τi = inf { t ∈ R+ :
∫ t

0

ψiu du ≥ − ln ξi }, (5.12)

where ξ1, ξ2 are mutually independent random variables, defined on (Ω,G,P), which are also inde-
pendent of processes ψi, i = 1, 2, and are uniformly distributed on the unit interval [0, 1]. For each
i, the enlarged filtration G

i := D
i ∨ F thus satisfies Git = Ft ∨ Dit ⊂ Ft ∨ σ(ξi) for every t.
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From Section 4.6 we know that the process Ψi =
∫ t
0
ψiu du represents the F-hazard process of τi.

In particular, for any Fs-measurable random variable Y we have for every t ≤ s (cf. (4.83))

E (11{τi>s}Y | Git) = 11{τi>t}E
(
Y e

−
∫

s

t
ψi

u du | Ft
)
. (5.13)

In addition, the process Ψi is also the (F,Gi)-martingale hazard process of a random time τi. Finally,
τi is a totally inaccessible stopping time with respect to G

i, and the continuity condition of Corollary
4.11 is satisfied. Indeed, for any fixed s > 0, the process

V it = E
(
eΨ

i
t−Ψi

s | Ft) = E
(
eΨ

i
t−Ψi

s | Git), ∀ t ∈ [0, s],

is obviously continuous at τi. We conclude that for any t ≤ s

P(τi > s | Git) = 11{τi>t}E
(
e
−

∫
s

t
ψi

u du | Ft
)

= 11{τi>t}E
(
e
−

∫
s

t
ψi

u du | Git
)
. (5.14)

We introduce the filtration G by setting G = F∨D
1∨D

2. Then τ1, τ2, as well as τ = min (τ1, τ2)
are G-stopping times. It is not obvious, however, that the process Ψi is the (F,G)-martingale hazard
process of τi. We know that Ψi is a G-adapted continuous process such that M̃ i

t = Di
t −Ψi

t∧τi
is a

G
i-martingale. To conclude, we need to show that M̃ i is also a G-martingale.

Let us consider, for instance, i = 1. The random variable M̃1
t is manifestly Gt-measurable. It is

thus enough to check that for any t ≤ s

E (D1
s −Ψ1

s∧τ1 | Gt) = E (D1
s −Ψ1

s∧τ1 | G1
t ).

Notice that the σ-fields G1
s and D2

t are conditionally independent given G1
t . Consequently,

E (D1
s −Ψ1

s∧τ1 | Gt) = E (D1
s −Ψ1

s∧τ1 | G1
t ∨ D2

t ) = E (D1
s −Ψ1

s∧τ1 | G1
t ).

Since we have shown that Ψ1 is the (F,G)-martingale hazard process of τ1, we have (under mild
assumption on Gs-measurable random variable Y )

E (11{τ1>s} Y | Gt) = 11{τ1>t} E
(
Y eΨ

1
t−Ψ1

s | Gt).

In particular, we have for any t ≤ s (cf. (5.14))

P(τ1 > s | Gt) = 11{τ1>t} E
(
eΨ

1
t−Ψ1

s | Gt) = 11{τi>t}E
(
e
−

∫ s

t
ψi

u du | Ft
)

(5.15)

since the process
Ṽ 1
t := E

(
eΨ

1
t−Ψ1

s | Gt) = E
(
eΨ

1
t−Ψ1

s | Ft), ∀ t ∈ [0, s],

is continuous at τ1.

In view of Lemma 5.2, the (F,G)-martingale hazard process Ψ of τ, when stopped at τ, is the
sum of (F,G)-martingale hazard processes Ψi, i = 1, 2, associated with random times τi, i = 1, 2,
also stopped at τ. We have for t ≤ s

P(τ > s | Gt) = 11{τ>t} E
(
eΨt−Ψs | Gt) = 11{τ>t}E

(
e
−

∫ s

t
(ψ1

u+ψ2
u) du | Ft

)
. (5.16)

In should be stressed that the last formula is a consequence of the assumption that the underlying
random variables ξ1 and ξ2 are independent. The case of dependent random variables ξ1 and ξ2 is
much more involved; let us only observe that we cannot expect formula (5.16) to hold in this case.
Indeed, it seems plausible that the G-martingale hazard process of τ1 will have a jump at τ2 on the
set {τ2 < τ1}, and conversely, the G-martingale hazard process of τ2 will be discontinuous at τ1 on
the set {τ1 < τ2}. Consequently, one may conjecture that the sum of these processes will have a
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discontinuity at τ, and thus it will not be possible to use the G-martingale hazard process of τ to
directly represent the survival probability P(τ > s | Gt) through a counterpart of formula (5.16).

At the intuitive level, if the underlying random variables ξ1 and ξ2 are not independent, the
observed occurrence of τ2 (τ1, resp.) has a sudden impact on our assessments of the likelihood of
the occurrence of τ1 (τ2, resp.) in a given time interval in the future. A very special case of such a
situation, when ξ1 = ξ2, was examined in Section 5.1. The general case remains, to our knowledge,
an open problem.

Remarks. Alternatively, we may check that Ψ1 is also the (G2,G)-martingale hazard process of τ1.
Since Ψ1 is a continuous G

2-adapted process and G = G
2 ∨ D

1, it is enough to verify that Ψ1

coincides with the G
2-hazard process of τ1, or equivalently, that

P(τ1 > t | G2
t ) = e−Ψ1

t , ∀ t ∈ R+.

The last equality is clear, however, since the σ-fields G1
t and D2

t are conditionally independent given
Ft, and thus (the event {τ1 > t} belongs, of course, to G1

t )

P(τ1 > t | G2
t ) = P(τ1 > t | Ft ∨ D2

t ) = P(τ1 > t | Ft) = e−Ψ1
t .

5.2.3 Case of a Brownian Filtration

In this section, we consider once again the case of the Brownian filtration, that is, we assume that
F = F

W for some Brownian motion W. We postulate that W remains a martingale (and thus a
Brownian motion) with respect to the enlarged filtration G = D

1 ∨ . . . ∨ D
n ∨ F. In view of the

martingale representation property of the Brownian filtration this means, of course, that any F-local
martingale follows also a local martingale with respect to G (or indeed with respect to any filtration
F ⊆ F̃ ⊆ G), so that (H) holds. It is worthwhile to stress that the case when F is a trivial filtration
is also covered by the results of this section, however.

The first result is a generalization of the martingale representation property established in Corol-
lary 3.7 (see also Proposition 3.5). Recall that in Corollary 3.7 we have assumed that the F-hazard
process Γ of a random time τ is an increasing continuous process. Also, by virtue of results of
Section 4.2 (see Proposition 4.10) under the assumptions of Corollary 3.7 we have Γ = Λ, that is,
the F-hazard process Γ and the (F,G)-martingale hazard process Λ coincide.

In the present setup, we find it convenient to make assumptions directly about the (F,G)-
martingale hazard processes Λi of random times τi, i = 1, . . . , n. As before, we assume that P(τi =
τj) = 0 for i 6= j. Recall that by virtue of the definition of the (F,G)-martingale hazard process Λi

of a random time τi the process
M̃ i
t = Di

t − Λit∧τi
(5.17)

follows a G-martingale. It is thus easily seen that the process

L̃it = (1−Di
t)e

Λi
t

also follows a G-martingale, since clearly (cf. (4.58) or (5.5))

L̃it = 1−
∫

]0,t]

L̃iu− dM̃
i
u. (5.18)

It is easily seen that L̃i and L̃j are mutually orthogonal G-martingales for any i 6= j (a similar
remark applies to M̃ i and M̃ j).

For a fixed k with 0 ≤ k ≤ n, we introduce the filtration G̃ = D
1 ∨ . . . ∨D

k ∨ F. Then obviously
G̃ = G if k = n, and by convention G̃ = F for k = 0. It is clear that for any fixed k and arbitrary
i ≤ k processes L̃i and M̃ i are G̃-adapted. More specifically, L̃i and L̃j are mutually orthogonal
G̃-martingales for i, j ≤ k provided that i 6= j.
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A trivial modification of Lemma 5.2 shows that the (F, G̃)-martingale hazard process of the
random time τ̃ := τ1 ∧ . . . ∧ τk equals Λ̃ =

∑k
i=1 Λi. In other words, the process D̃t −

∑k
i=1 Λit∧τ̃ is

a G̃-martingale, where we set D̃t = 11{τ̃≤t}.

Proposition 5.2 Assume that the F-Brownian motion W remains a Brownian motion with respect
to the enlarged filtration G. Let Y be a bounded FT -measurable random variable, and let τ̃ = τ1 ∧
. . . ∧ τk. Then for any t ≤ s ≤ T we have

E (11{τ̃>s}Y | Gt) = E (11{τ̃>s}Y | G̃t) = 11{τ̃>t}E
(
Y eΛ̃t−Λ̃s | Ft), (5.19)

so that
P(τ̃ > s | Gt) = P(τ̃ > s | G̃t) = 11{τ̃>t}E (eΛ̃t−Λ̃s | Ft). (5.20)

In particular, for τ = τ1 ∧ . . . ∧ τn we have

P(τ > s | Gt) = 11{τ>t}E (eΛt−Λs | Ft), (5.21)

where Λ =
∑n
i=1 Λi.

Proof. For a fixed s ≤ T, we set

Ỹt = E (Y e−Λ̃s | Ft), ∀ t ∈ [0, T ].

Let the process U be given by the formula

Ut = (1− D̃t∧s)eΛ̃t∧s =
k∏
i=1

L̃it∧s, ∀ t ∈ [0, T ]. (5.22)

Under the present assumptions the process Ỹ is a continuous G-martingale and thus also a G̃-
martingale. The process U, which is manifestly of finite variation, is also a G̃-martingale as a
product of mutually orthogonal G̃-martingales L̃1, . . . , L̃k (stopped at s). Therefore, their product
UỸ is a G̃-martingale. Consequently, for any t ≤ s

E (11{τ̃>s}Y | G̃t) = E (UT ỸT | G̃t) = UtỸt = (1− D̃t)eΛ̃tE (Y e−Λ̃s | Ft)

as expected. It is clear that we may replace G̃ by G in the reasoning above. 2

Let us set F̃ := D
k+1 ∨ . . . ∨ D

n ∨ F for a fixed, but arbitrary, k = 0, . . . , n. The next result
generalizes Proposition 3.5.

Proposition 5.3 Assume that:
(i) the Brownian motion W remains a Brownian motion with respect to G,
(ii) for each i = 1, . . . , n the F-martingale hazard process Λi is continuous. Consider a F̃-martingale
Mt = E(X | F̃t), t ∈ [0, T ], where X is a F̃T -measurable random variable, integrable with respect to
P. Then M admits the following integral representation

Mt = M0 +
∫ t

0

ξu dWu +
n∑

i=k+1

∫
]0,t]

ζiu dM̃
i
u, (5.23)

where ξ and ζi, i = k + 1, . . . , n are F̃-predictable processes.

Proof. The proof is similar to the proof of Proposition 3.5. We start by noticing that it is enough
to consider a random variable X of the form X = Y

∏r
j=1(1 − H

ij
sj ) for some r ≤ n − k, where
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0 < s1 < · · · < sr ≤ T, and k+ 1 ≤ i1 < · · · < ir ≤ n. Finally, Y is assumed to be a FT -measurable
integrable random variable. We introduce the F-martingale

Ỹt = E
(
Y exp

( r∑
i=1

Λisi

) ∣∣∣Ft).
Since F is generated by a Brownian motion W, invoking the martingale representation property of
the Brownian motion, we conclude that Ỹ follows a continuous process that admits the integral
representation

Ỹt = Ỹ0 +
∫ t

0

ξ̃u dWu, ∀ t ∈ [0, T ],

for some F-predictable process ξ̃. Furthermore, W remains a martingale with respect to G and thus
Ỹ is also a G-martingale.12 Therefore, Ỹ is orthogonal to each G-martingale of finite variation M̃ i.
Using Itô’s formula and (5.18), we obtain

Y

r∏
j=1

(1−Hij
sj

) = ỸT

r∏
j=1

L̃ijsj
= Ỹ0 +

∫ T

0

r∏
j=1

L̃
ij
(u∧sj)− dỸu +

r∑
l=1

∫
]0,sl]

Ỹu−
r∏
j=1

L̃
ij
(u∧sj)− dM̃

il
u .

The last formula leads to (5.23). 2

Remarks. If the random variable X is merely GT -measurable, we may still apply Proposition 5.3
to the F̃-martingale Mt = E(X | F̃t) since clearly Mt = E(X̃ | F̃t), where X̃ := E(X | F̃T ) is a
F̃T -measurable random variable. This shows that representation (5.23) holds for any F̃-martingale.

It is also interesting to observe that we may in fact substitute in Proposition 5.2 the Brownian
filtration F with the filtration F̃ := D

k+1 ∨ . . . ∨ D
n ∨ F. First, it is clear that Λ̃ =

∑k
i=1 Λi is also

the (F̃,G)-martingale hazard process of τ̃ . Second, Proposition 5.3 shows that the process

Ŷt := E (Y e−Λ̃s | F̃t), ∀ t ∈ [0, T ],

where Y is a F̃T -measurable random variable, admits the following integral representation

Ŷt = Ŷ0 +
∫ t

0

ξu dWu +
n∑

i=k+1

∫
]0,t]

ζiu dM̃
i
u, (5.24)

where ξ and ζi, i = k+ 1, . . . , n are F̃-predictable processes. Therefore, Ŷ is a G-martingale orthog-
onal to the G-martingale U given by (5.22). Arguing in a much the same way as in the proof of
Proposition 5.2 we thus obtain the following result.

Corollary 5.1 Let Y be a bounded F̃T -measurable random variable. Let τ̃ = τ1 ∧ . . .∧ τk. Then for
any t ≤ s ≤ T we have

E (11{τ̃>s}Y | Gt) = 11{τ̃>t}E
(
Y eΛ̃t−Λ̃s | F̃t). (5.25)

In particular, we have
P(τ̃ > s | Gt) = 11{τ̃>t}E (eΛ̃t−Λ̃s | F̃t). (5.26)

5.3 Change of a Probability Measure

In this section, in which we follow Kusuoka [19], we shall extend the results of Section 3.3 to the case
of several random times. We preserve the assumptions of Section 5.2.3, in particular, the filtration
F is generated by a Brownian motion W which is also a G-martingale (the case of a trivial filtration
F is also covered by the results of this section though).

12Since Ỹ is manifestly F̃-adapted, it follows also a martingale with respect to F̃.
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For a fixed T > 0, we shall examine the properties of τ̃ under a probability measure P∗, which
is equivalent to P on (Ω,GT ). To this end, we introduce the associated G-martingale η by setting,
for t ∈ [0, T ],

ηt :=
dP∗

dP |Gt

= EP(X | Gt), P-a.s., (5.27)

where X is a GT -measurable random variable, integrable with respect to P, and such that P(X >
0) = 1. By virtue of Proposition 5.3 (with k = 0), the Radon-Nikodým density process η admits the
following representation

ηt = 1 +
∫ t

0

ξu dWu +
n∑
i=1

∫
]0,t]

ζiu dM̃
i
u, (5.28)

where ξ and ζi, i = 1, . . . , n are G-predictable stochastic processes. It can be shown that η is a
strictly positive process, so that we may rewrite (5.28) as follows

ηt = 1 +
∫

]0,t]

ηu−
(
βu dWu +

n∑
i=1

κiu dM̃
i
u

)
, (5.29)

where β and κi, i = 1, . . . , n are G-predictable processes, with κi > −1. The following result extends
Proposition 3.6 (its proof goes along exactly the same lines as the proof of Proposition 3.6 and thus
it is left to the reader).

Proposition 5.4 Let P∗ be a probability measure on (Ω,GT ) equivalent to P. If the Radon-Nikodým
density of P∗ with respect to P is given by (5.29) then the process

W ∗
t = Wt −

∫ t

0

βu du, ∀ t ∈ [0, T ], (5.30)

follows a G-Brownian motion under P∗, and for each i = 1, . . . , n the process

M i∗
t := M̃ i

t −
∫

]0,t∧τi]

κiu dΛ
i
u = Di

t −
∫

]0,t∧τi]

(1 + κiu) dΛ
i
u, ∀ t ∈ [0, T ], (5.31)

is a G-martingale orthogonal to W ∗ under P∗. Moreover, processes M i∗ and M j∗ follow mutually
orthogonal G-martingales under P∗ for any i 6= j.

Though the process M i∗ follows a G-martingale under P∗, it should be stressed that the process∫
]0,t](1 + κiu) dΛiu is not necessarily the (F,G)-martingale hazard process of τi under P∗, since it

is not F-adapted but merely G-adapted, in general. This lack of measurability can be partially
improved, however. For instance, for any fixed i we can choose a suitable version of the process
κi, namely, a process κi∗ that coincides with κi on a random interval [0, τi], and such that κi∗ is a
predictable process with respect to the enlarged filtration F

i∗ := D
1 ∨ . . .∨D

i−1 ∨D
i+1 ∨ . . .Dn ∨F.

Since

Di
t −

∫
]0,t∧τi]

(1 + κi∗u ) dΛiu = Di
t −

∫
]0,t∧τi]

(1 + κiu) dΛ
i
u,

we conclude that for each fixed i the process

Λi∗t =
∫

]0,t]

(1 + κi∗u ) dΛiu

represents the (Fi∗,G)-martingale hazard process of τi under P∗. This does not mean, however, that
the equality

P∗(τi > s | Gt) = 11{τi>t}EP∗(eΛ
i∗
t −Λi∗

s | F i∗t )
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is valid for every s ≤ t ≤ T. We prefer to examine the last question in a slightly more general setting.
For a fixed k ≤ n let us consider the random time13 τ̃ = τ1 ∧ . . . ∧ τk. As in Section 5.2.3, we shall
write F̃ = D

k+1 ∨ . . . ∨ D
n ∨ F. For any i = 1, . . . , n we denote by κ̃i (β̃, resp.) the F̃-predictable

process such that κ̃i = κi (β̃ = β, resp.) on the random set [0, τ̃ ].

Lemma 5.3 The (F̃,G)-martingale hazard process of the random time τ̃ under P∗ is given by the
formula

Λ∗t =
k∑
i=1

∫
]0,t]

(1 + κ̃iu) dΛ
i
u. (5.32)

Proof. Let us set

W̃ ∗
t = Wt −

∫ t

0

β̃u du,

and
M̃ i∗
t = Di

t −
∫

]0,t∧τi]

(1 + κ̃iu) dΛ
i
u

for i = 1, . . . , n. The processes W̃ ∗ and M̃ i∗ follow G-martingales under P∗, provided that they are
stopped at τ̃ (since W̃ ∗

t∧τ̃ = W ∗
t∧τ̃ and M̃ i∗

t∧τ̃ = M i∗
t∧τ̃ ). Consequently, the process

D̃t −
k∑
i=1

∫
]0,t∧τ̃ ]

(1 + κ̃iu) dΛ
i
u =

k∑
i=1

(M̃ i∗
t )τ̃

is a G-martingale. 2

In view of Corollary 5.1 and Lemma 5.3, it would be natural to conjecture that for any t ≤ s ≤ T
we have

EP∗(11{τ̃>s}Y | Gt) = 11{τ̃>t}EP∗
(
Y eΛ

∗
t−Λ∗s | F̃t), (5.33)

where Y is a bounded F̃T -measurable random variable. It appears, however, that that the last
formula is not valid, in general, unless we substitute the probability measure P∗ in the right-hand
side of (5.33) with some related probability measure. To this end, we introduce the following auxiliary
density processes η̂` for ` = 1, 2, 3

η̂1
t = 1 +

∫
]0,t]

η̂1
u−

(
β̃u dWu +

n∑
i=k+1

κ̃iu dM̃
i
u

)
, (5.34)

η̂2
t = 1 +

∫
]0,t]

η̂2
u−

(
β̃u dWu +

n∑
i=1

κ̃iu dM̃
i
u

)
, (5.35)

and

η̂3
t = 1 +

∫
]0,t]

η̂3
u−

(
β̃u dWu +

k∑
i=1

κiu dM̃
i
u +

n∑
i=k+1

κ̃iu dM̃
i
u

)
. (5.36)

It is useful to observe that the process η̂1 is F̃-adapted (since, in particular, each process M̃ i is
adapted to the filtration D

i∨F). On the other hand, processes η̂2 and η̂3 are merely G-adapted, but
not necessarily F̃-adapted, in general. We find in convenient to introduce the F̃-adapted modifications
η̃2, η̃3 of η̂2, η̂3 by setting η̃`t = E (η̂`T | F̃t) for t ≤ T, ` = 2, 3. From the uniqueness of the martingale
representation property established in Proposition 5.3 we deduce that for ` = 2, 3 we have (for ` = 1,
(5.37) simply coincides with (5.34))

η̃`t = 1 +
∫

]0,t]

η̃`u−
(
β̃u dWu +

n∑
i=k+1

κ̃iu dM̃
i
u

)
. (5.37)

13Since the order of random times is not essential here, the analysis below covers also the case of a single random
time τi for any i = 1, . . . , n.
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We define a probability measure P̃` on (Ω,GT ) by setting, for ` = 1, 2, 3

η̂`t :=
dP̃`

dP |Gt

, P-a.s., (5.38)

for t ∈ [0, T ]. It is thus clear that

η̃`t = E (η̂`T | F̃t) =
dP̃`

dP |F̃t

, P-a.s. (5.39)

The following result, due to Kusuoka [19], is a counterpart of Corollary 5.1.

Proposition 5.5 Let ` ∈ {1, 2, 3} and let Y be a bounded F̃T -measurable random variable. Then
for any t ≤ s ≤ T we have

EP∗(11{τ̃>s}Y | Gt) = 11{τ̃>t}EP̃`

(
Y eΛ

∗
t−Λ∗s | F̃t), (5.40)

where the process Λ∗ is given by formula (5.32). In particular, we have

P∗(τ̃ > s | Gt) = 11{τ̃>t}EP̃`
(eΛ

∗
t−Λ∗s | F̃t). (5.41)

The proof of Proposition 5.5 parallels the demonstration of Proposition 5.2 (see also remarks
preceding Corollary 5.1). We need some preliminary results, however. First, we shall establish a
counterpart of the integral representation (5.23).

Lemma 5.4 Let Y be a F̃-martingale under P̃` for some ` ∈ {1, 2, 3}. Then there exist F̃-predictable
processes ξ̃ and ζ̃i, i = k + 1, . . . , n, such that

Yt = Y0 +
∫ t

0

ξ̃u dW̃
∗
u +

n∑
i=k+1

∫
]0,t]

ζ̃iu dM̃
i∗
u . (5.42)

Proof. The proof combines the calculations already employed in the proof of Corollary 3.9 with the
martingale representation property under P established in Proposition 5.3. We fix `, and we write
η̃t = E (η`T | F̃t) (of course, η̃t = η̂1

t if we take ` = 1). We introduce an auxiliary process Ỹ , which
follows a F̃-martingale under P, by setting

Ỹt =
∫

]0,t]

η̃−1
u− d(η̃uYu)−

∫
]0,t]

η̃−1
u−Yu− dη̃u

for t ∈ [0, T ]. Since Itô’s formula yields

η̃−1
u− d(η̃uYu) = dYu + η̃−1

u−Yu− dη̃u + η̃−1
u− d[Y, η̃]u,

the process Y admits the following useful representation

Yt = Y0 + Ỹt −
∫

]0,t]

η̃−1
u− d[Y, η̃]u. (5.43)

On the other hand, invoking Proposition 5.3, we obtain the following integral representation for the
process Ỹ

Ỹt =
∫ t

0

ξu dWu +
n∑

i=k+1

∫
]0,t]

ζiu dM̃
i
u,
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where ξ and ζi, i = 1, . . . , k are F̃-predictable processes. Consequently, we have

dYt = ξt dWt +
n∑

i=k+1

ζit dM̃
i
t − η̃−1

t− d[Y, η̃]t

= ξt dW̃
∗
t +

n∑
i=k+1

ζit(1 + κ̃it)
−1 dM̃ i∗

t .

To establish the last equality, notice that (5.37) combined with (5.31) yield

η̃−1
t− d[Y, η̃]t = ξtβ̃t dt+

n∑
i=k+1

ζit κ̃
i
t(1 + κ̃it)

−1 dDi
t,

where the last equality follows in turn from the following relationship

∆[Y, η̃]t = η̃t−
n∑

i=k+1

(
ζit κ̃

i
t dD

i
t − κ̃it∆[Y, η̃]t

)
.

We conclude that Y satisfies (3.41) with ξ̃ = ξ and ζ̃i = ζi(1 + κ̃i)−1 for i = k + 1, . . . , n. 2

Corollary 5.2 Let Y be a bounded F̃T -measurable random variable. For a fixed s ≤ T we define
the process Ŷ by setting

Ŷt = EP̃`
(Y e−Λ∗s | F̃t), ∀ t ∈ [0, T ]. (5.44)

The process Ŷ admits the following integral representation under P̃`

Ŷt = Ŷ0 +
∫ t

0

ξ̂u dW̃
∗
u +

n∑
i=k+1

∫
]0,t]

ζ̂iu dM̃
i∗
u , (5.45)

where ξ̂ and ζ̂i, i = k + 1, . . . , n are F̃-predictable processes. The stopped process Ŷt∧τ̃ follows a
G-martingale orthogonal under P∗ to G-martingales M i∗, i = 1, . . . , k.

Proof. It is enough to apply Lemma 5.4 and to notice that the stopped process Ŷt∧τ̃ satisfies

Ŷt∧τ̃ = Ŷ0 +
∫ t

0

ξ̂u dW
∗
u∧τ̃ +

n∑
i=k+1

∫
]0,t]

ζ̂iu dM
i∗
u∧τ̃ ,

and to recall that W̃ ∗
t∧τ̃ = W ∗

t∧τ̃ and M̃ i∗
t∧τ̃ = M i∗

t∧τ̃ . 2

We are in the position to establish Proposition 5.5.

Proof of Proposition 5.5. For a fixed s ≤ T, let Ŷ be the process defined through formula (5.44).
Furthermore, let U be the process given by the expression (notice that the process U is stopped at
τ̃ ∧ s)

Ut = (1− H̃t∧s)eΛ
∗
t∧s = (1 − H̃t∧s)

k∏
i=1

e

∫ t∧s

0
(1+κ̃i

u)dΛi
u

=
k∏
i=1

(1−Di
t∧s)e

∫
t

0
(1+κi

u)dΛi
u =

k∏
i=1

Li∗t∧s,

where
Li∗t = (1−Di

t)e
∫ t

0
(1+κi

u)dΛi
u
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so that (cf. (5.18))

Li∗t = 1−
∫

]0,t]

Li∗u− dM
i∗
u . (5.46)

In view of (5.45), the above representation of the process U and (5.46), the processes U and Ŷt∧τ̃
are mutually orthogonal G-martingales under P∗. Therefore,

EP∗(11{τ̃>s}Y | Gt) = EP∗(UT ŶT | Gt) = UtŶt = (1− H̃t)eΛ
∗
t EP̃`

(Y e−Λ∗s | F̃t).

The last expression yields the asserted formulae (5.40)-(5.41). 2

Remarks. It is also possible to consider the filtration generated by the random time τ̃ , rather then
the filtration D

1 ∨ . . . ∨ D
k. Consequently, instead of the filtration G we would have Ĝ = D̃ ∨ F̃.

Since the stopped process H̃t−Λ∗t∧τ̃ (as usual, H̃t = 11{t≤τ̃}) is a G-martingale, and it is manifestly
a G̃-adapted process, it follows also a G̃-martingale. Let us consider the following property: any
F̃-martingale remains a G-martingale (or a Ĝ-martingale). It seems plausible to conjecture that this
property is not valid under P∗, in general, but it holds under P̃` for ` = 1, 2, 3.

5.4 Kusuoka’s Example

The following example, borrowed from Kusuoka [19], shows that formula (5.33) does not hold, in
general. We assume that under the original probability measure P the random times τi, i = 1, 2
are mutually independent random variables, with exponential laws with the parameters λ1 and λ2,
respectively. The joint probability law of the pair (τ1, τ2) under P admits the density function
f(x, y) = λ1λ2e

−(λ1x+λ2y) for (x, y) ∈ R
2
+. Our goal is to examine these random times under a

specific equivalent change of probability measure P∗. In words, under P∗ the original intensity λ1

of the random time τ1 jumps to some fixed value α1 after the occurrence of τ2 (the behaviour of the
intensity of τ2 is analogous). Such a specification of the stochastic intensity of dependent random
times appears in a natural way in certain practical applications related to the valuation of defaultable
claims. Notice that the filtration F is here assumed to be a trivial filtration.

We shall now formally define the probability measure P∗. Let α1 and α2 be positive real numbers.
For a fixed T > 0, we introduce an equivalent probability measure P∗ on (Ω,G) by setting

dP∗

dP
= ηT , P-a.s., (5.47)

where ηt, t ∈ [0, T ], satisfies

ηt = 1 +
2∑
i=1

∫
]0,t]

ηu−κiu dM̃
i
u, (5.48)

where
κ1
t = 11{τ2<t}

(α1

λ1
− 1

)
, κ2

t = 11{τ1<t}
(α2

λ2
− 1

)
.

It is useful to notice that ηT = η1
T η

2
T , where for every t ∈ [0, T ]

ηit = 1 +
∫

]0,t]

ηiu−κ
i
u dM̃

i
u, (5.49)

for i = 1, 2, or more explicitly, for every t ∈ [0, T ]

η1
t = 11{τ1≤τ2} + 11{τ2≤t<τ1}e

−(α1−λ1)(t−τ2) + 11{τ2<τ1≤t}
α1

λ1
e−(α1−λ1)(τ1−τ2), (5.50)

η2
t = 11{τ2≤τ1} + 11{τ1≤t<τ2}e

−(α2−λ2)(t−τ1) + 11{τ1<τ2≤t}
α2

λ2
e−(α2−λ2)(τ2−τ1). (5.51)



60 Default Risk: Mathematical Tools

It is obvious that the process κ1 (κ2, resp.) is D
2-predictable (D1-predictable, resp.) Then

Λi∗t =
∫ t
0
λi∗u du, where the processes λi∗, i = 1, 2 are given by the formulae

λ∗1t = λ1(1−D2
t ) + α1D

2
t = λ111{τ2>t} + α111{τ2≤t},

and
λ∗2t = λ2(1−D1

t ) + α2D
1
t = λ211{τ1>t} + α211{τ1≤t}.

This means that the processes

D1
t −

∫ t∧τ1

0

(
λ111{τ2>u} + α111{τ2≤u}

)
du = D1

t − λ1(t ∧ τ1 ∧ τ2)− α1((t ∧ τ1) ∨ τ2 − τ2)

and

D2
t −

∫ t∧τ2

0

(
λ211{τ1>u} + α211{τ1≤u}

)
du = D2

t − λ2(t ∧ τ1 ∧ τ2)− α2((t ∧ τ2) ∨ τ1 − τ1)

are P∗-martingales with respect to the joint filtration G = D
1 ∨ D

2.

In view of the assumed symmetry, it is enough to consider the random time τ̃ = τ1 (i.e., we have
n = 2 and k = 1). Notice that in the present setup we have κ̃2

t = 0 since obviously κ2
t = 0 on

the random interval [0, τ1]. Therefore, the probability measure P̃1 given by formulae (5.34)-(5.38)
coincides with the original probability measure P. It is useful to notice that κ1 is D

1-predictable
so that κ̃1

t = κ1
t for every t. Consequently, the probability measures P̃2 and P̃3 coincide with the

probability measure P∗
1 given by formulae (5.49) and (5.57) below.

Our aim is to evaluate directly the conditional expectation P∗(τ1 > s | D1
t ∨ D2

t ) for t ≤ s ≤ T,
and subsequently to verify that

P∗(τ1 > s | D1
t ∨ D2

t ) = 11{τ1>t}EP̃1
(eΛ

i∗
t −Λi∗

s | D2
t ) = 11{τ1>t}EP(eΛ

i∗
t −Λi∗

s | D2
t ),

where the second equality is an obvious consequence of the equality P̃1 = P. Finally, we shall check
that, in general,

P∗(τ1 > s | D1
t ∨ D2

t ) 6= 11{τ1>t}EP∗(eΛ
i∗
t −Λi∗

s | D2
t ).

5.4.1 Unconditional Law of τ1 under P∗

We find it convenient to derive first the unconditional law of τ1 under P∗. In view of (5.50)-(5.51),
the marginal density f∗τ1 of the random time τ1 under P∗ equals14

f∗τ1(t) =
∫ t

0

λ1λ2
α1

λ1
e−(α1−λ1)(t−y)e−(λ1t+λ2y) dy

+
∫ T

t

λ1λ2
α2

λ2
e−(α2−λ2)(y−t)e−(λ1t+λ2y) dy

+
∫ ∞

t

λ1λ2e
−(α2−λ2)(T−t)e−(λ1t+λ2y) dy

=
1

λ1 + λ2 − α1

(
α1λ2e

−α1t + (λ1 − α1)(λ1 + λ2)e−(λ1+λ2)t
)

for every t ≤ T. For t > T, we have

f∗τ1(t) =
∫ T

0

λ1λ2e
−(α1−λ1)(T−y)e−(λ1t+λ2y) dy +

∫ ∞

T

λ1λ2e
−(λ1t+λ2y) dy

=
λ1e

−λ1t

λ1 + λ2 − α1

(
λ2e

−(α1−λ1)T + (λ1 − α1)e−λ2T
)
.

14For simplicity of exposition, we shall assume that λ1 + λ2 − α1 6= 0 and λ1 + λ2 − α2 6= 0.
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Consequently, for any s ∈ [0, T ], we get

P∗(τ1 > s) =
1

λ1 + λ2 − α1

(
λ2e

−α1s + (λ1 − α1)e−(λ1+λ2)s
)
. (5.52)

For s > T, we have

P∗(τ1 > s) =
e−λ1s

λ1 + λ2 − α1

(
λ2e

−(α1−λ1)T + (λ1 − α1)e−λ2T
)
. (5.53)

5.4.2 Conditional Law of τ1 under P∗

Our next goal is to derive an explicit formula for the conditional probability I := P∗(τ1 > s | D1
t∨D2

t ).

Lemma 5.5 For every t ≤ s ≤ T we have

I = 11{τ1>t,τ2>t}
1

λ1 + λ2 − α1

(
λ2e

−α1(s−t) + (λ1 − α1)e−(λ1+λ2)(s−t)
)

+ 11{τ2≤t<τ1} e
−α1(s−t).

Proof. In view of results of Section 3.1.1, for arbitrary t ≤ s we have

I = P∗(τ1 > s | D1
t ∨ D2

t ) = (1−D1
t )

P∗(τ1 > s | D2
t )

P∗(τ1 > t | D2
t )
, (5.54)

where in turn

P∗(τ1 > s | D2
t ) = (1−D2

t )
P∗(τ1 > s, τ2 > t)

P∗(τ2 > t)
+D2

t P∗(τ1 > s | τ2). (5.55)

Combining (5.54) with (5.55), we obtain

I = (1−D1
t )(1−D2

t )
P∗(τ1 > s, τ2 > t)
P∗(τ1 > t, τ2 > t)

+ (1−D1
t )D

2
t

P∗(τ1 > s | τ2)
P∗(τ1 > t | τ2) ,

or more explicitly,

I = 11{τ1>t,τ2>t}
P∗(τ1 > s, τ2 > t)
P∗(τ1 > t, τ2 > t)

+ 11{τ2≤t<τ1}
P∗(τ1 > s | τ2)
P∗(τ1 > t | τ2) = 11{τ1>t,τ2>t}I1 + 11{τ2≤t<τ1}I2.

In order to evaluate I1, observe first that

P∗(τ1 > s, τ2 ≤ t) =
∫ T

s

∫ t

0

λ1λ2
α1

λ1
e−(α1−λ1)(x−y)e−(λ1x+λ2y) dxdy

+
∫ ∞

T

∫ t

0

λ1λ2e
−(α1−λ1)(T−y)e−(λ1x+λ2y) dxdy

=
λ2e

−α1s

λ1 + λ2 − α1

(
1− e−(λ1+λ2−α1)t

)
.

Combining the last formula with (5.52), we obtain

P∗(τ1 > s, τ2 > t) = P∗(τ1 > s)−P∗(τ1 > s, τ2 ≤ t)

=
λ1 − α1

λ1 + λ2 − α1
e−(λ1+λ2)s +

λ2

λ1 + λ2 − α1
e−α1s−(λ1+λ2−α1)t.

We conclude that

I1 =
P∗(τ1 > s, τ2 > t)
P∗(τ1 > t, τ2 > t)

=
1

λ1 + λ2 − α1

(
λ2e

−α1(s−t) + (λ1 − α1)e−(λ1+λ2)(s−t)
)
.
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It remains to evaluate I2. To this end, it is enough to check that for t ≤ s ≤ T we have

I3 = 11{τ2≤t}P
∗(τ1 > s | τ2) = 11{τ2≤t}

(λ1 + λ2 − α2)λ2e
−α1(s−τ2)

λ1α2e(λ1+λ2−α2)τ2 + (λ2 − α2)(λ1 + λ2)
. (5.56)

Indeed, the last formula would thus yield immediately

11{τ2≤t<τ1}
P∗(τ1 > s | τ2)
P∗(τ1 > t | τ2) = 11{τ2≤t<τ1} e

−α1(s−t),

the desired result. To evaluate I3, we may, for instance, notice that for any u ≤ s

P∗(τ1 > s | τ2 = u) =
1

f∗τ2(u)

( ∫ T

s

α1

λ1
e−(α1−λ1)(x−u)f(x, u) dx+

∫ ∞

T

e−(α1−λ1)(T−u)f(x, u) dx
)

=
(λ1 + λ2 − α2)λ2e

−(λ1+λ2−α1)ue−α1s

λ1α2e−α2u + (λ2 − α2)(λ1 + λ2)e−(λ1+λ2)u
,

which gives (5.56) upon simplification. An alternative, though somewhat lengthy, way do to the
calculations for I3 would be to use directly the Bayes formula

11{τ2≤t}P
∗(τ1 > s | τ2) = 11{τ2≤t}

EP(ηs11{τ1>s} | τ2)
EP(ηs | τ2)

and to check that for arbitrary t ≤ s ≤ T we have

11{τ2≤t}EP(ηs11{τ1>s} | τ2) = 11{τ2≤t}e
−α1se−(λ1−α1)τ2

and

11{τ2≤t}EP(ηs | τ2) = 11{τ2≤t}
f∗τ2(τ2)
fτ2(τ2)

,

where fτ2(u) = λ2e
−λ2u. Details are left to the reader. 2

Remarks. Observe that to find P∗(τ1 > s, τ2 > t) for t ≤ s ≤ T, it suffices in fact to notice that

J := P∗(τ1 > s, τ2 > t) = EP(ηT 11{τ1>s,τ2>t}) = EP(ηs11{τ1>s,τ2>t})

and
ηs11{τ1>s,τ2>t} = η1

s11{τ1>s,τ2>t} = 11{τ1>s,τ2>s} + 11{t<τ2<s<τ1}e
−(α1−λ1)(s−τ2).

Therefore,

J =
∫ ∞

s

∫ ∞

s

λ1λ2e
−(λ1x+λ2y) dxdy +

∫ ∞

s

∫ s

t

λ1λ2e
−(α1−λ1)(s−y)e−(λ1x+λ2y) dxdy

=
λ1 − α1

λ1 + λ2 − α1
e−(λ1+λ2)s +

λ2

λ1 + λ2 − α1
e−α1s−(λ1+λ2−α1)t.

Let us introduce a probability measure P∗
1 by setting

dP∗
1

dP
= η1

T , P-a.s. (5.57)

It is interesting to observe that the marginal density f̃τ1 of τ1 under P∗
1 coincides with f∗τ1 , since

f̃τ1(t) =
∫ t

0

λ1λ2
α1

λ1
e−(α1−λ1)(t−y)e−(λ1t+λ2y) dxdy +

∫ ∞

t

λ1λ2e
−(λ1t+λ2y) dxdy

=
1

λ1 + λ2 − α1

(
α1λ2e

−α1t + (λ1 − α1)(λ1 + λ2)e−(λ1+λ2)t
)
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for every t ≤ T. It is also obvious that f̃τ1 = f∗τ1 for t > T. In fact, one may also deduce easily from
the calculations in the proof of Lemma 5.5 and remarks above that

I = P∗(τ1 > s | D1
t ∨ D2

t ) = P∗
1(τ1 > s | D1

t ∨ D2
t )

= 11{τ1>t,τ2>t}
P∗

1(τ1 > s, τ2 > t)
P∗

1(τ1 > t, τ2 > t)
+ 11{τ2≤t<τ1}

P∗
1(τ1 > s | τ2)

P∗
1(τ1 > t | τ2) .

5.4.3 Intensity of τ1 under P∗

We shall now focus on the intensity process of τ1 under P∗. We have

Λ1∗
t =

∫ t

0

(
λ111{τ2>u} + α111{τ2≤u}

)
du = λ1(t ∧ τ2) + α1(t ∨ τ2 − τ2). (5.58)

The first equality in next result is merely a special case of Proposition 5.5. In particular, equality
(5.59) shows that we may apply Λ1∗ to evaluate the conditional probability. Inequality (5.60) makes
it clear that the process Λ1∗ does not coincide with the D

2-hazard process of τ1 under P∗, however.

Lemma 5.6 Let I := P∗(τ1 > s | D1
t ∨ D2

t ). For every t ≤ s ≤ T we have

I = 11{τ1>t}EP(eΛ
1∗
t −Λ1∗

s | D2
t ) = 11{τ1>t}EP∗1 (e

Λ1∗
t −Λ1∗

s | D2
t ) = 11{τ1>t}EP̃1

(eΛ
1∗
t −Λ1∗

s | D2
t ) (5.59)

and
P∗(τ1 > s | D1

t ∨ D2
t ) 6= 11{τ1>t}EP∗(eΛ

1∗
t −Λ1∗

s | D2
t ). (5.60)

Proof. Let us check that Ĩ = I, where I is given by Lemma 5.5, and

Ĩ = 11{τ1>t}EP(eΛ
1∗
t −Λ1∗

s | D2
t ).

It is enough to verify that

EP

(
eΛ

1∗
t −Λ1∗

s

∣∣D2
t

)
= 11{τ2>t}

1
λ1 + λ2 − α1

(
λ2e

−α1(s−t)+(λ1−α1)e−(λ1+λ2)(s−t)
)
+ 11{τ2≤t} e

−α1(s−t).

If we denote Y = eΛ
1∗
t −Λ1∗

s then the general formula yields

EP

(
eΛ

1∗
t −Λ1∗

s

∣∣D2
t

)
= 11{τ2>t}

EP(Y 11{τ2>t})
P(τ2 > t)

+ 11{τ2≤t}EP(Y | τ2). (5.61)

Standard calculations show that

EP

(
Y 11{τ2>t}

)
= EP

(
11{τ2>t} e

λ1(t−s∧τ2)+α1(τ2−s∨τ2)
)

=
∫ s

t

eλ1(t−u)+α1(u−s)λ2e
−λ2u du +

∫ ∞

s

eλ1(t−s)λ2e
−λ2u du

=
λ2e

λ1t−α1s

λ1 + λ2 − α1

(
e−(λ1+λ2−α1)t − e−(λ1+λ2−α1)s

)
+ eλ1te−(λ1+λ2)s

and, of course, P(τ2 > t) = e−λ2t. Consequently, we obtain

EP(Y 11{τ2>t})
P(τ2 > t)

=
1

λ1 + λ2 − α1

(
λ2e

−α1(s−t) + (λ1 − α1)e−(λ1+λ2)(s−t)
)
,

as expected. Furthermore, it follows easily from (5.58) that

11{τ2≤t}EP(eΛ
1∗
t −Λ1∗

s | τ2) = 11{τ2≤t} e
−α1(s−t).
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This ends the proof of the first equality in (5.59). The second equality in (5.59) follows from the
calculations above and the fact that the law of τ2 under P∗

1 is identical with its law under P∗. The
last equality in (5.59) is trivial since P̃1 = P.

We shall now consider (5.60) for t = 0 (the general case is left to the reader as exercise). More
precisely, we wish to show that for s ≤ T

P∗(τ1 > s) 6= EP∗(e−Λ1∗
s ), (5.62)

where the left-hand side is given by (5.52). We have

EP∗
(
e−Λ1∗

s
)

= EP∗
(
e−λ1(s∧τ2)−α1(s∨τ2−τ2)) =

∫ s

0

e−λ1u−α1(s−u)f∗τ2(u) du+
∫ ∞

s

e−λ1sf∗τ2(u) du.

Consequently

EP∗
(
e−Λ1∗

s
)

=
∫ s

0

e−λ1u−α1(s−u)f∗τ2(u) du+ e−λ1sP∗(τ2 > s),

where (cf. Section 5.4.1)

f∗τ2(u) =
1

λ1 + λ2 − α2

(
α2λ1e

−α2u + (λ2 − α2)(λ1 + λ2)e−(λ1+λ2)u
)

for u ≤ s ≤ T, and

P∗(τ2 > s) =
1

λ1 + λ2 − α2

(
λ1e

−α2s + (λ2 − α2)e−(λ1+λ2)s
)
.

Straightforward calculations yield

EP∗
(
e−Λ1∗

s
)

=
1

λ1 + λ2 − α2

[ λ1α2

λ1 − α1 + α2

(
e−α1s − e−(λ1+α2)s

)
+

(λ2 − α2)(λ1 + λ2)
2λ1 + λ2 − α1

(
e−α1s − e−(2λ1+λ2)s

)
+

(
λ1e

−(λ1+α2)s + (λ2 − α2)e−(2λ1+λ2)s
)]

which shows, when combined with (5.52), that inequality (5.62) is valid. 2

Remarks. If λi = αi for i = 1, 2, the last formula gives, as it should

EP∗
(
e−Λ1∗

s
)

= P(τ1 > s) = e−λ1s.

In fact, the equalities above are also valid when λ2 6= α2, but λ1 = α1. Let us now assume that
λ2 = α2, but λ1 6= α1 (this corresponds to the equality of probability measures P∗ = P∗

1). Then we
get

EP∗1

(
e−Λ1∗

s
)

=
1

λ1 + λ2 − α1

(
λ2e

−α1s + (λ1 − α1)e−(λ1+λ2)s
)

= P∗
1(τ1 > s) = P∗(τ1 > s).

This coincides with the second equality in (5.59), in the special case of t = 0.

5.4.4 Validity of Hypothesis (G) under P∗

We shall now check the validity of hypothesis (G). In the present context, we consider the random
time τ = τ1, we take F = D

2, and t ≤ T. Therefore, condition (G) reads as follows.

(G) The process Ft = P∗(τ1 ≤ t | D2
t ), t ∈ [0, T ], admits a modification with increasing sample

paths.
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Let us denote Gt = 1− Ft = P∗(τ1 > t | D2
t ). It follows from the proof of Lemma 5.5 that

Gt = (1−D2
t )

P∗(τ1 > t, τ2 > t)
P∗(τ2 > t)

+D2
t P∗(τ1 > t | τ2), (5.63)

where

P∗(τ1 > t, τ2 > t) =
λ1 − α1

λ1 + λ2 − α1
e−(λ1+λ2)t +

λ2

λ1 + λ2 − α1
e−α1t−(λ1+λ2−α1)t = e−(λ1+λ2)t

and (cf. (5.52)-(5.53))

P∗(τ2 > t) =
1

λ1 + λ2 − α2

(
λ1e

−α2t + (λ2 − α2)e−(λ1+λ2)t
)
, ∀ t ≤ T,

P∗(τ2 > t) =
e−λ2t

λ1 + λ2 − α2

(
λ1e

−(α2−λ2)T + (λ2 − α2)e−λ1T
)
, ∀ t > T.

On the other hand, for every u ≤ t ≤ T we have (cf. (5.56))

P∗(τ1 > t | τ2 = u) =
(λ1 + λ2 − α2)λ2e

−α1(t−u)

λ1α2e(λ1+λ2−α2)u + (λ2 − α2)(λ1 + λ2)
.

Similar calculations yield

P∗(τ1 > t | τ2 = u) =
(λ1 + λ2 − α2)λ2e

−(α1−λ1)T eα1u−λ1t

λ1α2e(λ1+λ2−α2)u + (λ2 − α2)(λ1 + λ2)

for u ≤ T < t, and finally

P∗(τ1 > t | τ2 = u) =
(λ1 + λ2 − α2)eλ2u−λ1t

λ1λ2e−(α2−λ2)T + (λ2 − α2)e−λ1T

for T < u ≤ t. Combining the formulae above, we obtain

Gt = 11{t<τ2≤T}
c

λ1ect + λ2 − α2
+ 11{T<t<τ2}

ceλ1(T−t)

λ1ecT + λ2 − α2

+ 11{τ2=u≤t≤T}
cλ2e

α1(u−t)

λ1α2ecu + (λ2 − α2)(λ1 + λ2)

+ 11{τ2=u≤T<t}
cλ2e

(λ1−α1)T eα1u−λ1t

λ1α2ecu + (λ2 − α2)(λ1 + λ2)

+ 11{T<τ2=u≤t}
ceλ1T eλ2u−λ1t

λ1λ2ecT + (λ2 − α2)
,

where we denote c = λ1 + λ2 − α2. In particular, for every t ∈ [0, T ] we have

Gt = 11{t<τ2≤T}
c

λ1ect + λ2 − α2
+ 11{τ2≤t≤T}

cλ2e
−α1(t−τ2)

λ1α2ecτ2 + (λ2 − α2)(λ1 + λ2)
.

Since both terms in the right-hand side of the last formula can be shown to follow decreasing
functions, it is enough to examine the jump at τ2, which equals

∆ =
c

λ1ecτ2 + λ2 − α2
− cλ2

λ1α2ecτ2 + (λ2 − α2)(λ1 + λ2)
.

Straightforward calculations show that ∆ ≤ 0 if and only if λ2 ≤ α2.
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5.4.5 Validity of Hypothesis (H) under P∗

Recall that we have G = D
1 ∨ D

2. If we choose τ = τ1 then the filtration F̃ = D
2 generated by τ2

plays the role of the additional filtration F. Therefore, condition (H) introduced in Section 4.1.1 can
be restated as follows.

(H) Any D
1-martingale under P∗ follows also a G-martingale under P∗.

Condition (H) is equivalent to the following condition (cf. hypothesis (H3) in Section 4.1.1).

(H3) Equality EP∗(ξ | D1
t ∨ D2

t ) = EP∗(ξ | D2
t ) holds for any bounded D2

∞-measurable random
variable ξ, and any t ∈ R+.

From the calculations done in preceding sections, it is clear that the last condition is not sat-
isfied in Kusuoka’s example. For instance, we may take t < s and ξ = 11{τ2>s}. Using a suitable
modification of formula (5.52), we get

EP∗(ξ | D2
t ) = P∗(τ2 > s | D2

t ) = 11{τ2>t}
P∗(τ2 > s)
P∗(τ2 > t)

= 11{τ2>t}
λ1e

−α2s + (λ2 − α2)e−(λ1+λ2)s

λ1e−α2t + (λ2 − α2)e−(λ1+λ2)t
.

On the other hand, Lemma 5.5 yields

EP∗(ξ | D1
t ∨ D2

t ) = P∗(τ2 > s | D1
t ∨ D2

t )

= 11{τ1>t,τ2>t}
P∗(τ1 > t, τ2 > s)
P∗(τ1 > t, τ2 > t)

+ 11{τ1≤t<τ2}
P∗(τ2 > s | τ1)
P∗(τ2 > t | τ1)

= 11{τ1>t,τ2>t}
1

λ1 + λ2 − α2

(
λ1e

−α2(s−t) + (λ2 − α2)e−(λ1+λ2)(s−t)
)

+ 11{τ1≤t<τ1} e
−α2(s−t).

It is thus clear that EP∗(ξ | D1
t ∨ D2

t ) 6= EP∗(ξ | D2
t ), and thus the martingale invariance property

(H) does not hold under P∗ (it is obvious that it holds under the original probability measure P).
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[3] Brémaud, P.: Point Processes and Queues. Martingale Dynamics. Springer-Verlag, Berlin, 1981.
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