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Abstract

Our aim is to give a theoretical study for the modelling of default risk. We provide first a
detailed analysis of the relatively simple case when the flow of informations available to an agent
reduces to the observations of the random time which models the default event. Subsequently,
the case of the general filtration is examined. The focus is on the evaluation of conditional
expectations with respect to the filtration generated by a default time with the use of the
intensity function, and on various versions of the martingale representation theorem. For a
more detailed account of the potential applications of results presented in this work in the
context of the modelling of default risk, we refer to the companion work: M. Jeanblanc and

M. Rutkowski: Modelling of Default Risk: An Overview.
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1 Introduction

The aim of this paper is to give a theoretical study for the modelling of default risk, taking care to the
meaning of the information. In the first part, we provide a detailed analysis of the relatively simple
case when the flow of informations available to an agent reduces to the observations of the random
time which models the default event. The focus is on the evaluation of conditional expectations with
respect to the filtration generated by a default time with the use of the intensity function.

These results are then generalized to the case when an additional information flow - formally
represented by some filtration F - is present. At the intuitive level, F is generated by prices of some
assets, or by other economic factors (e.g., interest rates). Though in typical examples F is chosen to
be the Brownian filtration, most theoretical results obtained do not rely on such a specification of
the filtration FF. Special attention is paid here to the hypothesis (H), which postulates the invariance
of the martingale property with respect to the enlargement of F by the observations of a default
time. This hypothesis prevails in the literature, and means that all the contingent claims (with or
without default, in particular the F-measurable ones) are hedgeable. We establish a representation
theorem, in order to understand the meaning of complete market in a defaultable world.

We examine non-trivial example of the calculation of the stochastic intensity of a default time (or
rather of the dual predictable projection of the associated first jump process). Since in this section
the underlying filtration F is assumed to be generated by a Brownian motion, and it is well known
that all stopping time with respect to the Brownian filtration are predictable (so that they do not
admit intensity with respect to IF), it is natural to examine random times which are not F-stopping
times. To be more specific, we study last passage time of a Brownian motion. The last section is
devoted to analysis of the minimum of several random times and to the Kusuoka’s example.

2 Hazard Function of a Random Time

In this section, the problem of quasi-explicit evaluation of various conditional expectations is studied
in a very special case when the only filtration available in calculations is the natural filtration of
a random time. In practical terms, we consider here an individual who observes a certain random
time 7, but has no access to any other information. More general situations are examined in the
next section.

2.1 Conditional Expectations w.r.t. Natural Filtrations

Let 7 be a non-negative random variable on a probability space (€2, G, P), referred to as the random
time in what follows. For convenience, we assume that P(7 = 0) = 0 and P(r > t) > 0 for
any ¢t € Ry. We introduce processes D; = 11, <;; and D, = Iir<sy, for t € Ry. It is obvious
that D (D, resp.) is a right-continuous (left-continuous, resp.) process. Moreover, D is the left-
continuous version of D. We introduce filtrations D = (D;);>o and D= (ﬁt)tzo generated by these
processes, namely, for any t € R we set (both filtrations below are assumed to be (P, G)-completed)
Dy =0(Dy :u<t), and D, = O'(Du :u < t). The o-field D, represents the information generated
by the observations of the random time 7 up to time ¢ and including ¢ — that is, on the time interval
[0,¢]. The o-field D, represents the information generated by the observations of the random time
T strictly before time ¢ — that is, on the time interval [0, ¢[. Finally, we set Doo = 0(D,, : u € Ry)
and Do = a(ﬁu :u € Ry). We denote by o(n) the o-field generated by a random variable .

Let us first examine the basic properties of filtrations D and D. We have:
(D.1) Di=o({r<u}:u<t,)=c({r<u}:u<t,),

(D.2) Dy =o(r At) = o(r), where 7 = 7 At,

(D.3) Di=o({r <u}:u<t),

(DA4) Dy =o(o(r)N{r <t}),
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(D.5) Dy=o(rAt)V {7 >1t}) =D, v ({7 >t}),
(D.6) D, C Dy,

(D7> D, = PtJra

(D8> Pt - DtJra

(D.9) Do = Do = o(7),

(D.10) for any A € Do, we have AN {7 <t} € Dy,

(D.11) for any A € Do, we have AN {7 <t} € D;.

To establish (D.10) or (D.11), it is enough to consider an arbitrary set A of the form A = {7 < s}
for some s € R, . Notice also that for some A € Dy, we have AN {r <t} ¢ D; (it is enough to
take A = {7 < t}). It follows from (D.5) that any D;-measurable random variable D is equal to a
function of 7 A ¢, therefore it is constant on the set {7 > t}, and equal to a function of 7 on {7 < t},.

We denote by F the right-continuous cumulative distribution function of 7, i.e., F((t) = P(7 < t).
The function F' is continuous (that is, P(7 = ¢) = 0 for any ¢t € R} ) if and ouly if the following
condition holds:

(D.12) D; = D, for any t € R.

_ In what follows, we shall deal with the filtration D (the corresponding results for the filtration
D are thus left to the reader as exercises).

In this section, it is assumed throughout that Y is an integrable random variable on the proba-
bility space (2, G, P), that is, E|Y] < oc.

We start with some well known facts established for the first time in Dellacherie [7] or [8] (p.122),
and used again in Chou and Meyer [5], Liptser and Shiryaev [21], Elliott [14], Dellacherie and Meyer
[9] (p.237) or more recently in Rogers and Williams [24], among others.

Lemma 2.1 Let Y be a G-measurable random variable. Then

E (]]-{T>t}Y)

P(r>1t) (2.1)

EY|D) = 1< EY[7)+ 155

Proof. We shall first check that
E(Li;<yY | Do) = E(Lr<yY | Dy).

In view of (D.11), we have AN {7 <t} € D, for any A € Ds. Consequently

/E(H{T<t}Y|Doo)dP = /1{T<t}YdP:/ YdP:/ E (Y |D,)dP
A N A B An{r<t} An{r<t}
A A

since the event {7 <t} belongs to D;. We know that the conditional expectation is constant on the
set 7 > t. Therefore, to establish (2.1), we need to identify the constant ¢ such that

E(IL{7>nY | Dt) = cllfrsey,

which can be done taking the expectation of both members. O

For easy further reference, we give a special case of the formulae above. For any ¢ < s we have
P(1 > 5|Dy) = NrunyP(1 > 5|7 > 1). (2.2)
Definition 2.1 The increasing function I' : Ry — R given by the formula
(t)=—-In(1—-F(t)), VteRy, (2.3)

is called the hazard function of 7. It is clear that relationship F(t) = 1 — e~ T®) is satisfied.
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If the cumulative distribution function F is an absolutely continuous function, that is, F(t) =
fg f(w) du, for some function f:R; — R, then we have

Fit)=1—e O =1 Jormd gy e,

where ~v(t) = f(t)(1 — F(t))~!. The function ~ is called the intensity function of .

Notice that I'(¢) is well defined for any ¢ (since by assumption F'(t) < 1 for every ¢) and I'(c0) :=
limy 00 T'(¢) = o0 (since lim;_,oo (1 — F(¢)) = 0). Also, it is clear that the intensity function v : Ry —
R (if it exists) is a non-negative function, which is Lebesgue integrable on any bounded interval, and
such that [ y(u) du = co.

The straightforward consequence of (2.2) appears to be useful.

Lemma 2.2 The process L given by the formula

1—- D, r
Liyi=—— =1 = (1-D)e"®  VvieR 2.4
t 1— F(t) {r>t}€ ( t)e ) € Ky, ( )

s a D-martingale. Equivalently,

F(s) — F(¢) F(s) — F(#)

E(D =D D) = (1= D)= —py™ = Lo = pg)

Vit <s, (2.5)

Proof. Let us check, for instance, that the process L given by (2.4) is a D-martingale. The first
equality in (2.2) can be rewritten as follows

1= Fs) .
EQ1-Ds|Dy)=(1-D =1 (t)=T(s)
( | D) = ( t) 1- F(t) {r>t} €
This immediately yields the martingale property of L. O

Using the hazard function ', we may rewrite (2.1) as follows
E(Y D)) = Lir<nE(V[7) + Lrsy "V B (LirayY), (2:6)

Corollary 2.1 Assume that Y is Do -measurable, so that Y = h(t) for some Borel measurable
function h : Ry — R. If the hazard function I of T is continuous then

E(Y|Dy) = Ly enyh(r) + Lpon / ()" O-T@ g (y). (2.7)
t
If T admits the intensity function v then
E(Y|D;) = Liranph(7) + Lirsy /too h(wy(u)e” e 7O gy,
In particular, for any t < s we have
P(r>s|Dy) = Lpage de 7%

and
P(t<r<s|Dy) = 11{7>t}(1 e w)dv)
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2.2 Martingales Associated with a Continuous Hazard Function

We know already that the D-adapted process of finite variation L given by formula (2.4) is a D-
martingale (no matter whether I' is a continuous function or a discontinuous one). In this section,
we shall introduce further important examples of martingales associated with the hazard function.
We shall work under an additional assumption that the function I' is continuous, however.

We shall first consider a very special case, when the cumulative distribution function F' is an
absolutely continuous function, that is, when the random time 7 admits the intensity function ~.
Our goal is to provide the martingale characterization of . To be more specific, we shall check
directly that the process

t tAT
M,; := Dy — / Y(u)lfy<ry du = Dy — / ~y(u) du (2.8)
0 0
follows a D-martingale. To this end, recall that by virtue of (2.5) we have
F(s) = F(t)
E (D5 — D¢ |Dy) = 75y —Fra L
On the other hand,
t t
E (/ V()L py<ry du ‘ D) = / Y(w)P(u < 7|Dy) du
N [ A LT
{r>t} 1— F(t) .

This shows that the process M defined by (2.8) follows a D-martingale. We have thus established
the following well-known result.

Lemma 2.3 Assume that F(t) =1—e fo (W) du for some function v : Ry — Ry. Then the process
M given by (2.8) follows a D-martingale.

It appears that Lemma 2.3 remains valid when F' is merely continuous. Before we state the next
result, let us recall the following lemma.

Lemma 2.4 Let g and h be two right-continuous functions with left-hand limits. If g and h are of
finite variation on [0,t] then the following integration by parts formulae are valid

g(O)(0) + / g(u—) dh(u) + / h(u) dg(u)

10,t] 10,¢]

G(O)h(0) + / g(u) dh(u) + / h(u—) dg(u)

10,t] 10,¢]

g9()h(t)

G(0)h(0) + / glu—ydh(w)+ | h(u=)dg(u)+ " Ag(u) Ah(u),

10,¢] 10,¢] u<t

where Ag(u) = g(u) — g(u—) and Ah(u) = h(u) — h(u—).

In what follows we shall frequently apply this lemma to stochastic processes of finite variation
(therefore, the integrals should be understood as pathwise integrals, defined for a.e. w).

Proposition 2.1 Assume that ' is a continuous function. Then the process of finite variation
M = Dy —T(t A7) follows a D-martingale. Furthermore, we have

L =1 7/ Ly dM,. (2.9)
10,1
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Proof. For sake of brevity, we prefer to make use of Lemma 2.2, rather than to rely on direct
calculations. It is clear that M follows a D-adapted integrable process. Using the integration by
parts formula for functions of finite variation®, we obtain

Li=(1—D;)e'® =1 +/ " ((1 - D,)dl(u) — dD.,) (2.10)
10,¢]
since I is a continuous increasing function. This in turn yields

Mt:Dt—I‘(t/\T):/

(D, — (1 — Dy)dl(u)) = —/ e T dr,,
10,%]

10,]

and thus M is manifestly a D-martingale. To establish (2.9), notice that (2.10) can be rewritten as
follows

Ly=1 +/ " W1 - D, Ydl(uAT)—dD,)=1— / Ly dM,.
10,t] 10,t]

This ends the proof. O

Proposition 2.2 Assume that T’ is a continuous function. Then for any Borel measurable function
h: R4 — R such that the random variable h(T) is integrable, the process

tAT
3 = Lpcah(n) ~ [ b drw) (2.11)
0
s a D-martingale.

Proof.  We shall establish the assertion through the direct verification of the martingale property
of the process M" given by formula (2.11). Therefore, the demonstration given below provides also
an alternative proof of Proposition 2.1. First, formula (2.7) in Corollary 2.1 yields

[ =B (h(r)Ljtercy | Dy) = Lprogyel® / h(w)e " dT(u).
t

On the other hand, Corollary 2.1 leads to

J:—E ( /t T h(w) dT(u) ’Dt) —1 {m}erm( /t " hw)e T dr () + e—F(s)ﬁ(s))

AT

where we set h(s) = J” h(u)dI(u). To conclude the proof, it is enough to observe that the Fubini
theorem yields

/t T /t " ) dr(v) d0(w) + T h(s) = / ") / " e~TO) g1 () dD (u)

t u

LT /ts h(u) dD(u) = /s h(u)e " dT (u),

t

as expected. O

Remarks. 1t is apparent that M" admits the following integral representation (which shows that the
martingale property of M" is also a straightforward consequence of Proposition 2.1)

MP = h(u) dM,.
10,¢]

1Or equivalently, a version of Itd’s formula for discontinuous semimartingales (see, for instance, [14] or [23]).
Notice that since M follows a processes of finite variation, it is a purely discontinuous martingale, in the terminology
of stochastic analysis. Whenever possible, we shall avoid making use of the results from the modern martingale theory.
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Corollary 2.2 Assume that T is a continuous function. Let h : Ry — R be a Borel measurable
function such that the random variable Y = (™) is integrable. Then the process

tAT
M} = exp (L;<iyh(7)) —/ (") —1)dT(u) (2.12)
0
is a D-martingale.
Proof. Notice that

exp (]I{Tgt}h(T)) —1= ﬂ{rgt}eh(ﬂ 4 ﬂ{-r>t} 1= ﬂ{rgt}eh(ﬂ — D,

and thus

tAT
M} =1 cpye™) — / "W dr (u) — M.
0

It is thus enough to apply Proposition 2.2. O

Corollary 2.3 Assume that I' is a continuous function. Let h : R — R be a non-negative Borel
measurable function such that the random wvariable h(7) is integrable. Then the process

tAT
M} = (1+ Li;<ph(7)) exp ( - / h(u) df(u)) (2.13)
0
is a D-martingale.

Proof. Let us denote by U the decreasing continuous process

Ui = exp ( - /OMT h(u) dF(u)).

It is apparent that

1+ 1<ph(t) =1+ h(u)dD,, =: H'.
10,1

An application of the integration by parts formula yields
dM}" = d(H{'U;) = U;h(t) dDy — (1 + L gr<inh(7)) Uph(t) dU(t A T).
Consequently, B
dM} = Uih(t)d(Dy — T(t AT)) = Ush(t)dM,. O
2.3 Martingale Representation Theorem

The following result is an extension of a well known result, established when F' is absolutely contin-
uous (see, for instance, Brémaud [3]).

Proposition 2.3 Assume that F is a continuous function. Let M]* :== E (h(T)|D;) for some Borel
measurable function h : R — R such that the random variable h(r) is integrable. Then

M= MP+ / h(u) dM,, (2.14)
10,2]
where My = Dy —T'(t A7), and h is given by

h(t) = h(t) — "D E (M(1)L1r5ry)- (2.15)
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Proof. By virtue of (2.7), the left-hand side in (2.14) equals
I =E (h(r)|D:) = Dih(7) + (1 — Dy)g(t),

where the function g : R — R equals

g(t) == "B (1, pnh(r)) = '® Ooh(u) dF(u). (2.16)
(L r>eyh(7))

t

On the other hand, the right-hand side in (2.14) can be rewritten as follows

9(0) + /H (w)
= g0)+ / (h(w) — g(w) d(Dy — T(u A 7))
10,]
= 4(0) + Di(h(r) — g(r)) + / (9(u) — h(u)) dT(
0

) = u)
= 9(0) + Dih(r) + (1 = D)g(t) —g(t A7) + /O (g(u) = h(u)) dI'(u)

To check that I = J, it is thus enough to show that

oienr)=90)+ " (g(u) — hw) dr(w).

or equivalently, that for every t € R

In other words, we need to verify that
oo oo t
et ® / h(u) dF (u) = / h(u) dF (u) + / P (g(u) — h(u)) dF (u).
t 0 0
To this end, notice that Fubini’s theorem yields (recall that e" W dF(u) = dI'(u))
t t o0
/ " Wy(u)dF(u) = / e / h(v) dF (v) dF (u)
0 0 u
t

/O h(v) /0 " P 4 () dF (v) + /t  hw) / @ 4T (u) dF (0)

0

t 00
= / h(u) (" — 1) dF (u) + (" —1) / h(u) dF (u).
0 t
This completes the proof. O

Notice that representation (2.14 ) can also be rewritten as follows (cf. formula (3.25))

M = M +/ (h(u) — M) dM,. (2.17)
10,4]

Remarks. Since any De-measurable random variable X is of the form X = h(7), we deduce from
Proposition 2.3 that any D-martingale admits the representation (2.14) and thus is a purely discontin-
uous martingale (as a martingale of finite variation). Put another way, any continuous D-martingale
is constant.
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2.4 Change of a Probability Measure

Let P* be an arbitrary probability measure on (€2, D), which is absolutely continuous with respect
to P. We denote by 1 the D, measurable density of P* with respect to P

P*
n = C(liP =h(r) >0, P-as, (2.18)

where h : R — R is a Borel measurable function satisfying

Ep(h(r)) /OOO h(u) dF (u) = 1.

We can use Girsanov’s theorem. Nevertheless, we prefer here to establish this theorem in our
particular setting. We write Ep (Ep~, resp.) to denote the expected value with respect to the
probability measure P (P*, resp.) Of course, the probability measure P* is equivalent to P if and
only if the inequality in (2.18) is strict P-a.s. Furthermore, we shall assume that P*(7 = 0) = 0
and P*(7 > t) > 0 for any t € R;. Actually the first condition is satisfied for any P* absolutely
continuous with respect to P. For the second condition to hold, it is sufficient and necessary to
assume that for every ¢

Pi(r>t)=1— F*(t) :/]t ) >0,

where the c.d.f. F'* of 7 under P*

F*(t) =P*(r <t)= h(u) dF(u). (2.19)
Put another way, we assume that (cf. (2.16))

o(t) = MOB (Lo hlr) = O [ b dP () = PO P> 1) >0,

J¢,00]

We assume throughout that this is the case, so that the hazard function I'* of 7 with respect to P*
is well defined. Our goal is to examine relationships between hazard functions I'* and T'. It is easily
seen that in general we have

r+¢) (f]t,oo[ h(u) dF(u))

o) In(1 — F(t)) A (2.20)

since by definition T (t) = — In(1 — F*(¢)).

Assume first that F' is an absolutely continuous function, so that the intensity function ~ of 7
under P is well defined. Recall that v is given by the formula

ft)
(1) = 5 “F)

On the other hand, the c.d.f. F* of 7 under P* now equals

FW%=Pﬁ§ﬂ=EﬂMgMMD=AhMﬂwM-

so that F'* follows an absolutely continuous function. Therefore, the intensity function v* of the
random time 7 under P* exists, and it is given by the formula

ey PO h(t)f(t)
7= L=F*(t) 11— [ h(u)f(u)du
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To derive a more straightforward relationship between the intensities v and v*, let us introduce an
auxiliary function h* : Ry — R, given by the formula h*(t) = h(t)/g(t).

Notice that

0 10

1- F(t)

h(®) f (1) h(t) f(#) h(®) f (1)
t

T [Thu)fuydu f ) f(w)du e = h*(t)

= Ty = h*(t)v(¢).
This means also that dI'*(¢t) = h*(¢t) d['(¢). It appears that the last equality holds true if F' is merely
a continuous function. Indeed, if F' (and thus F*) is continuous, we get

dF*(t) _ d(1—e"Wg(t)) _ g(t)dL(t) — dg(t)

M) = Ty = e = o = B (t) dD(2).

To summarize, if the hazard function I' is continuous then I'* is also continuous and dI'™*(t) =
h*(t) dL(t).
To understand better the origin of the function h*, let us introduce the following non-negative
P-martingale (which is strictly positive when the probability measures P* and P are equivalent)
_dpPr
P D,

=Ep(n|D:) = Ep(h(7)[Dy), (2.21)
so that n; = M. The general formula for 7, reads (cf. (2.6))

M =L enh(r) + Lgpsgy et @ / h(u) dF (u) = 1< h(7) + Lirsiyg(2).

Jt,00]
Assume now that F' is a continuous function. Then also (cf. (2.7))
oo
ne = Lir<yh(7) + ]1{7->t}/ h(u)eF(t)fF(u) dl(u).
¢
On the other hand, using (2.14) and (2.17), we get

M} = M} + M (h*(u) —1)dM,
10,1]

where h*(u) = h(u)/g(u). We conclude that
=1 +/ Nu— (A" (u) — 1) dM,,. (2.22)
10.%]

It is thus easily seen that

= (14 Lr<po(7)) exp ( - /OW u(u) dI‘(u)), (2.23)

where we write v(t) = h*(t)—1. Therefore, the martingale property of the process 7, which is obvious
from (2.21), is also a consequence of Corollary 2.3.

Remarks. In view of (2.22), we have

w=&( [ 0@ -nan).

where £ stands for the Doléans exponential. Representation (2.23) for the random variable 7
can thus be obtained from the general formula for the Doléans exponential. Recall that if X is a
semimartingale, then the process Z = £(X) is the unique solution to the SDE

Zi=1 +/ Zu dX .
10.1]
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It is known that
E(X) = exp (X; — Xo — $(X)) [ (1 + AXy)e 25,
u<t
where X ¢ is the continuous martingale component of X.
We are in the position to formulate the following result (all statements were already established
above).

Proposition 2.4 Let P* be any probability measure on (2, Do) absolutely continuous with respect
to P, so that (2.18) holds for some function h. Assume that P*(T >t) > 0 for everyt € Ry. Then

Cig . St(/o.(h*(u) - 1)dMu>, (2.24)

where

W0 = H0/a(0), g = [ " () dF(u),

and T*(t) = g*(t)T'(¢t) with

- In ( S Blw) dF(u))
In(1— F(t))

If, in addition, the random time T admits the intensity function v under P, then the intensity function

~v* of T under P* satisfies v*(t) = h*(t)y(t) a.e. on Ry. More generally, if the hazard function T

of T under P is continuous, then the hazard function I'* of T under P* is also continuous, and it
satisfies dT*(t) = h*(t) dL'(¢).

(2.25)

Corollary 2.4 If F is continuous then M} = Dy — T*(t A7) is a D-martingale under P*.

Proof. 1In view Proposition 2.1, the assertion is an immediate consequence of the continuity of I'*.
Alternatively, we may check directly that the product Uy = m: M} = n:(Dy — T*(¢t A 7)) follows a
D-martingale under P. To this end, observe that the integration by parts formula for functions of
finite variation yields

Ut / Ne— th* + Mt* d’l]t
10,¢] 10,¢]

/ ne_ dM; + / M} dn, + Z AM} An,
10,t] 10,t]

u<t

/ Ne— th* + Mg; d'f]t + ]l{TSt}(nT — 7]7-,).
10,¢] 10,¢]
Using (2.22), we obtain

Ut

/ Mt— th* + Mtt dnt + nf—ﬂ{rﬁt}(h* (T) - 1)
10,t] 10,¢]

/] | n—d(T(EAT) =T*(tAT) 4+ Ly (h*(T) = 1)) + Ny,
0,t
where the process N, which equals

Nt = / Ne— th + M;l d’f]t
10,t] 10,t]

is manifestly a D-martingale with respect to P. It remains to show that the process

N =T@tAT) =T*(tAT) + Nrcp(R™(7) = 1)
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follows a D-martingale with respect to P. By virtue of Proposition 2.2, the process

tAT

ey (B*(r) = 1) + T(tAT) 7/0 h* (u) dT(u)

is a D-martingale. Therefore, to conclude the proof it is enough to notice that

/O Th*(u)df(u)—l’*(t/\r):/o " (h* (u) dT () — AT () = 0,

where the last equality is a consequence of the relationship dI'*(¢t) = h*(t) d'(t) established in
Proposition 2.4. O

By virtue of Proposition 2.1 if I'* is a continuous function then the process M* = Dy —T™*(t A7)
follows a D-martingale under P*. The next result suggests that this martingale property uniquely
characterizes the (continuous) hazard function of a random time. We shall examine this issue in
more detail in Section 2.6.

Lemma 2.5 Suppose that an equivalent probability measure P* is given by formula (2.18) for some
function h. Let A* : Ry — Ry be an arbitrary continuous increasing function, with A*(0) = 0. If the
process M := Dy — A*(t A7) follows a D-martingale under P*, then A*(t) = —In (1 — F*(t)) with
F* given by formula (2.24).

Proof. The Bayes rule implies

* EP M*77 DS — *
Be- (017 12.) = S T = Be 0t D)

and thus
Ep((Dt — At AT))(Deh(r) + (1 — Dy)g(t)) | DS)

Dsh(1) + (1 — Ds)g(s) ’

Ep- (M |Ds) =
or equivalently

Ep (Dih(t) = DiA*(t AT)R(T) — (1 — D)A*(t A T)g(t) | D)
Dh(r) + (1= Dy)g(s) |

Ep- (M | D) =

This means that

. J
Ep(M{ |D;) = Dsh(1) + (1 — Dg)g(s)’

where we write
J = Ep(Dih(1) — DA (t AT)R(T) — (1 — D) A*(t AT)g(t) | Ds).
Using (2.1), we obtain
J = Dsh(1) = DA*(T)(1) — (1 = Dg)(1 = F(8)) " Ep (Lis<r<iy (A*(7) = DA(T) + L3 A% (t)g(1))

and thus the martingale condition Ep-(M;|Ds) = M7, is equivalent to the following equality

(1= Ds)(1 = F(s) T Ep (Lscr<y (A"(1) = DA(1) + Loy A" (t)g(t)) = A*(5)(1 = Dy)g(s).
Therefore, for every s < ¢ we have
Ep (L{scr<y (A (7) = DI(T) + Liruny A" (H)g(1)) = A*(s)(1 — F(5))g(s)
so that

/ (A" () — D)) dF(w) + A*()g(£)(1 — F(t)) = A*(s) / " h(w) dF(u),
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and finally, .
/ (A (u) = 1) dF™(u) + A™(t)(1 = F* (1)) = A*(s)(1 — F"(s)).

After simple manipulations involving the integration by parts, we get for s <t

/ (1~ F*(u)) dA"(u) = F*(t) — F*(s),

and since A*(0) = F*(0) = 0, we find that A* = —In (1 — F*(¢)). O

2.5 Applications to the Valuation of Defaultable Claims

Let us fix T > 0. We assume that the continuously compounded interest rate r follows a non-negative
deterministic function so that the price at time t of a unit default-free zero-coupon bond of maturity
T equals

r(v) dv

BU.T)=e ) vt e [0,T].

Our goal is to find quasi-explicit expressions for “values” of certain defaultable claims. Let us assume
that YV = I <py h(7) + L7571} ¢, where cis a constant. If I' is continuous then (2.7) yields

T
E(Y | D) = Lir<nh(r) + H{T>t}(/ h(w)e" =T dr (u) + cer(”‘””)-
t
Similarly, for a fixed ¢ < T denote by Y; the random variable (discounted payoff at time )

- T
Y; =<y h(7)e ft r(v) dv +Mrspyce ft r()dv, (2.26)

If T is an absolutely continuous function, then we get
t d T oy d T .
E(Y;|Dy) = I, <qyh(r)el- "% 4 ﬂ{m}(/ hu)y(w)e e 7O W gy 4 e ) y),
t

where 7(v) = r(v) + v(v).
(a) The case of a defaultable zero-coupon T-maturity bond with zero recovery corresponds to h =0
and ¢ = 1 in (2.26). If we denote the “value” at time ¢ of such a bond by D°(¢,T) then we have
T
DO(t,T) = L ragpe de TOTIN@ gy e o, 7).

(b) Assume now that h = ¢ for some constant 0 < § < 1 and ¢ = 1. Put more explicitly, we consider
the random variable Y;° which equals

T

dv + 11{7—>T} e ft r(v) dv.

()

Yy = 1<y de J.

In this case, for D?(t,T) := E (Y, | D;) we get
~ T, T u o, T N
DY) = Ugrepdel "0 41y (5 / hwye J O du e 7O,
¢

Notice that D‘;(t, T') represents the value at time ¢ of a T-maturity defaultable bond which pays a
constant payoff § at time of default, if default takes place before maturity date 7.

(c) Let us finally consider the following random variable

v) dv

T
VP = (Uir<ryd + Lgrsmy) e = B(t, T)(Lir<ryd + Liroy).
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Equivalently, we have

T T T
}/t(s _ ]1{7-<T}66_ fT r(v) d'ue—ft r(v)dv + ]1{7—>T}e_ ft r(v) dv,
~ [T
and the last expression leads to h(7) = de S Y, c=1, in formula (2.26). The above specifi-
cation of Y}’ corresponds to a defaultable zero-coupon T-maturity bond with fractional recovery of

par. This means that the bond pays ¢ at maturity T if default occurs before maturity (otherwise, it
pays the face value 1). For the value D°(t,T) := E (Y | D;) of such a bond we get

T T .
DY, T) = Ugren BB, T) + 1o B(T) (1= ¢l 70™) g ye [0 70® )

2.6 Martingale Characterization of the Hazard Function

In view of Lemma 2.5, the natural question which arises in this context reads: does the D-martingale
property of the process D; — I'(t A 7) uniquely characterize the hazard function of 7?7 To examine
this problem, it is useful to notice that the process A; := I'(t A 7) satisfies: (i) A is an increasing,
continuous, D-adapted process, and (ii) D — A is a D-martingale. It is thus clear that A is a dual
predictable projection (or D-compensator) of the increasing, right-continuous, D-adapted process D.
We shall see that the answer to the question formulated above is indeed positive when the hazard
function I' is a continuous function.

It is useful to observe that when I" is discontinuous, equality (2.10) takes the following form

L = L0+/ (1—D,)de"'™ —/ ") ap,,
10,¢] 10,t]

that is (we write AT(s) = I'(s) — ['(s—)),

Li=1 +/ " ((1=Dy)dl(u) —dDy) + Y (") — el — " AT(s)).
10,1

s<t,s<T

Let us stress that both A and T' exist for arbitrary random time 7, and are unique. We find it
convenient to introduce the notion of a martingale hazard function of a random time.

Definition 2.2 An increasing function A : Ry — R such that A(0) = 0 is called a martingale
hazard function of a random time 7 with respect to the natural filtration I if and only if the process
D; — A(t A7) is a D-martingale.

The function A can also be seen as a F'-adapted right-continuous stochastic process, where FO is
the trivial filtration, FY = Fo = {0,Q} for every t € R;.. We shall sometimes find it useful to refer
to the martingale hazard function as the (IFO, D)-martingale hazard process of a random time 7. The
reason for this convention will become clear in Section 4, where the notion of a martingale hazard
process with respect to a non-trivial filtration [ is examined.

Proposition 2.5 (i) The (unique) martingale hazard function of T with respect to D is the right-
continuous increasing function A given by the formula

B dF(u) dP (1 < u)
A(t) = /]O,t] T e~ /]O,t] i et VteR,. (2.28)

(ii) The martingale hazard function A is continuous if and only if the c.d.f. F is continuous. In this
case, A satisfies A(t) = —In (1 — F(t)) (equivalently, F(t) =1 — e~ ),
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(iil) The martingale hazard function A coincides with the hazard function T if and only if F is a
continuous function. In general

e~ () _ =A%) H (1 — AA(u)), (2.29)
0<u<t

where A°(t) = A(t) — Y <t AA(uw), and AA(u) = A(u) — A(u—).
(iv) If F is an absolutely continuous function then

A(t) =T(t) :/O fw)(1 = F(u)" ! du. (2.30)

Proof. We shall first focus on A. The definition of A implies that E (D;) = E (A(t A 7)), that is
(recall that F(0) = 0),

Ft) = /]0 , A(w) dF (u) + A(t)(1 — F(t)) (2.31)

The first equality shows that A is necessarily a right-continuous function. If Ay and A, are right-
continuous functions which satisfy (2.31) then for every ¢t € Ry

/}O t}(Al(U) — Aa(w) dF (u) + (Ar(t) = Ao(2))(1 = F(2)) = 0.

This shows, by standard contraction arguments, that the martingale hazard function A, if it exists,
is unique (a similar argument applies to A).

To establish (i), it is enough to check that for any ¢t < s we have (cf. (2.5))

F(s)—F(t
E(D; — Dy |Dy) = Tirsny 57]7(15)() =lsnE (Y- | Dy),
where the process Y is defined as
dF (v)

Y, = —_—.
“ JtAu,sAu] 1- F(vi)

The random variable E (Y; | D;) is equal to a constant on the set 7 >t

dF(u)
Ton B e ‘ D) = op g(t),
tr>t} </]T/\s,‘r/\t] 1- F(U—) ) tr=t) g( )

where
1 dF (u)
t) = —E(1 -\
o) = =" (Luen /]] )
_ 1= F(s) / dF(u) 1 dF(v)/ dF(u) .
L=F@) g 1= Fu=) 1=F(@) Jit4 1s,0] 1 — Fu—)
F(s)— F
Applying Fubini’s theorem, we conclude that g(t) = i(g)iF(s;t) This completes the proof of (i).

Statements (ii)-(iv) are almost immediate consequences of (i) and the definition of a hazard function.
Let us only observe that at any point of discontinuity of F' we have

F(t) - F(t-)

AAR) :=AF) —A(it—) = —+——=
(1) = A1)~ A=) = S

On the other hand, for the hazard function I" we obtain

_ _ _T(p— 1-F(t)
AT() _ ~(C@)-T(-)) _ 1= F#) _ _ 539
e e 1 ) 1 —AA(t) (2.32)
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This shows that the martingale hazard function A and the hazard function I' cannot coincide when
F is discontinuous. In view of (2.32), relationship (2.29) is also easy to establish. O

As was already mentioned, the notion of a martingale hazard function is closely related to the
D-compensator of 7 (or rather, the D-compensator of the associated jump process D). Let us first
recall the definition of a compensator of an increasing process. In our context, it can be stated as
follows.

Definition 2.3 A process A is called a D-compensator of the jump process D if and only if the
following hold: (i) A is a D-predictable right-continuous increasing process, with Ag = 0, (ii) the
process H — A is a D-martingale.

Using the well-known result on the existence and uniqueness of the Doob-Meyer decomposition
with respect to the filtration D which satisfies the ‘usual conditions,’ it is easy to check that a process
A is a D-compensator of the jump process D if and only if A, = A(¢t A7), where A is the martingale
hazard function of 7. Therefore, we have the following result.

Lemma 2.6 The unique D-compensator A of a random time T is given by the formula

dF (u)
A:/ —— =A(tAT), VteR,. 2.33
! 10,tAT] 1—F(u—) ( ) * ( )

Proof. In view of the definition of the martingale hazard function and Proposition 2.5, it is enough
to check that the process Ay = A(t A 7), is D-predictable. But this is obvious, since t — t A T is a
continuous D-adapted process, so that it is D-predictable. O

Combining part (ii) in Proposition 2.5 with Lemma 2.6 we get immediately the following corollary.

Corollary 2.5 The hazard function I' of 7 is related to the D-compensator A of the jump process
D through the formula Ay = T(t A7) if and only if the cumulative distribution function F of T is
continuous.

3 Hazard Process of a Random Time

In this section, previously introduced concepts are extended to the case when a larger flow of
information — formally represented by a filtration G — is available. Generally speaking, our goal
is to establish useful formulae for the conditional expectation of the form E (Y | G;).

3.1 Hazard Process T

As before, we denote by 7 a non-negative random variable on a probability space (2,G,P), such
that P(7 = 0) = 0 and P(7 > ¢) > 0 for any t € R;. We introduce a right-continuous process
D by setting D; = ll{;<4, and we denote by D the associated filtration: Dy = o (D, : u < t).
Let G = (Gt)+>0 be an arbitrary filtration® on (Q,G,P). For each ¢, the o-field G; is assumed to
represent all observations available at time ¢t. We shall consider the following case:

We assume that we are given an auxiliary filtration® F such that G = DVF, that is, G; = D; V F;
for every t. Then, for every t, we have D; C G, that is, the random time 7 is observed at any time
t, and 7 is a G-stopping time.

2Recall that all filtrations are assumed to be (P, G)-completed. We assume also that the enlarged filtration G
satisfies the ‘usual conditions.’
3In most applications, F is the natural filtration of a certain stochastic process.
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The process D is obviously G-adapted, but not necessarily F-adapted. In other words, 7 is a
G-stopping time, but not necessarily a F-stopping time.

For any ¢t € Ry, we write F} = P(1 < ¢|F), so that 1 — F; = P(7 > t|F;). It is easily seen
that F' (1 — F, resp.) is a bounded, non-negative F-submartingale (F-supermartingale, resp.) We
may thus deal with the right-continuous modification of F. The next definition is a straightforward
generalization of Definition 2.1.

Definition 3.1 Assume that F; < 1 for every t € Ry. The F-hazard process of T, denoted by T, is
defined through the formula 1 — F; = eIt or equivalently, I'y = —In (1 — F;) for every t € R,.

In Section 3.1, it is assumed throughout that the inequality F; < 1 holds for every ¢, so that the
F-hazard process I' is well defined. It should be stressed that the case when 7 is a F-stopping time,
that is, the case when F = G, is not dealt with in this section (we postpone the study of the case of
a F-stopping time to Section 4.5).

Remarks. For given filtrations D C G, the equality G; = D; V F; does not specify uniquely an
auxiliary filtration F. For instance, when G, = D;, we may take F = F” (as in the previous section),
but also F = D (or any other sub-filtration of D for that matter). At the intuitive level, given the
random time 7 and the associated filtration D, we are interested in a filtration [ which represents
an additional flow of informations.* To be a bit more specific, one could search for the ‘minimal’
filtration F for which G = D Vv IF‘, where the concept of minimality needs to be examined. The
ultimate goal could be to provide a representation of the conditional expectation E (Y | G;) in terms
of the random time 7 and the hazard process of 7 with respect to F.

3.1.1 Evaluation of Conditional Expectation with respect to G

We start with the following two lemmas.

Lemma 3.1 We have G; C G;, where

Gi={A€gG|3BeF An{r >t} =Bn{r > t}}.

Proof. Observe that G =D,V Fy = 0(Ds, Fi) = o({7 < u}, u <t, F). Also, it is easily seen that
the class G is a sub-o-field of G. Therefore, it is enough to check that if either A = {7 < u} for
some u < t or A € Fy, then there exists an event B € F; such that AN {r >t} = BN {7 > t}.
Indeed, in the former case we may take B = (), in the latter B = A. O

Lemma 3.2 For any G-measurable random variable Y we have, for any t € Ry,

E(ﬂ{r>t}Y|ft)

EranY 16 = Vot =50 =117,

= oy E (Lo Y | Fo). (3.1)

Proof. This follows from the observation (cf. Lemma 3.1) that any G;-measurable random variable
coincides on the set {7 > t} with some F;-measurable random variable. Therefore,

E(QsyY|G) = 1an 2
where Z is a F;-measurable random variable, and taking expectation with respect to F;, we get

E(]l{-,—>t}Y|.7:t):P(T>t|.7:t)Z O

In the next result, we take t < s < co.

4Let us emphasize that, typically, filtrations D and I are not independent.
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Proposition 3.1 i) Assume that F follows a process of finite variation (not necessarily continuous).
Let h: Ry — R be a (bounded) Borel measurable function. Then

B (Lcrsgh(r) 160 = Lirge B [ ) ars
t,s

]-'t). (3.2)
1) In the general case, let Z be a (bounded) F-predictable process. Then for anyt < s

E (ﬂ{t<TSS}ZT |Gi) = ﬂ{r>t}€rt E (/] | Z, dF,
t,s

]-'t). (3.3)

Proof. Let us first prove (3.2). In view of (3.1), it is enough to check that the following equality
holds

B (Ljrcreq 1) | ) = B ( [ hwaR,

).

We consider first a stepwise function h(u) = 7" o hilly, 4, ,)(u), where, wlo.g., to =t < --- <
tn41 = s. Then we have

E(ljycrch(m)|F) = D> E(Ehily, (1) Fup) | F)
=0
= E(Y hilFu, - F) | )
=0

tit1

- E(zn:/ h(u) dF,
- E(/t h(u) dF, ]-‘t).

In the second step we approximate an arbitrary (bounded) measurable function by a sequence of
stepwise functions.

%)

The proof of (3.3) is similar. We start by assuming that Z is a stepwise F-predictable process,
so that (we are interested only in values of Z for u > t)

Zu - Z Zti ]]']tmtq,+1] (u)a
=0

where tg =t < -+ < tp41 = s. In view of (3.5), for any ¢ we have

E(Lgcrctin) Zr1G) = Lrsnpe B (Lpcr<i 1 Ze | Fr).-

Then we proceed along the similar lines as in the first part of the proof. O

Let us remark that Proposition 3.1 remains valid if F = G, that is, when 7 is a F-stopping
time. However, in this case, it does not provide an interesting result. The left-hand member is
E (Ijt<r<s}Z- | F¢). Since Fy = ll{;<4, the random variable T'; is equal to 0 on the set {7 > t},
and the right-hand member is obviously equal to E (Il {y«;<s1Zr | F3).

Corollary 3.1 LetY be a G-measurable random variable. Then for anyt < s
E(Liro0Y |G) =1y E(Lsg e Y | F), (3.4)

and
E (]]-{t<7'§s} Y | gt) = ]]-{7'>t} E (]]-{t<7'§s} eFtY | ]:t) (35)
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Furthermore, for any Fs-measurable random variable Y we have

E(I;>Y|G)=11-nE (Yele=Te

Fi). (3.6)
If F (and thus also T') follows a continuous increasing process then
E (]l{t<7'§s}h'(7_) |gt) = ]].{7->t} E (/ h,(u)eFt*Fu dFu ‘ft) (37)
t
and, for a F predictable process Z

E(lcr<syZr [Gt) = Lo E (/ Zyet Tt dr, ‘ ]:t). (3.8)
t

Proof.  Inview of (3.1), to show that (3.4) holds it is enough to observe that I~ = Lir5¢ L4
Equalities (3.5)-(3.6) are straightforward consequences of (3.4). The formulae (3.7)-(3.8) are imme-
diate consequences of formulae (3.2)-(3.3). For instance

E (/t h(u)e~* dT, }ft) —E (/t h(u) dF,

since dF,, = e T« dl,. m|

In some instances the following version of Lemma 3.2 will prove useful.

)

Lemma 3.3 For any G-measurable random variable Y, and any sub-o-field F of G, we have

E(lyY[F)

Foranyt <s
P(r > s|F)

P(TZS|DtV~7:):]1{T>t}W

: (3.10)

Proof. The proof of the lemma is essentially the same as the proof of Lemma 3.2. It should be
stressed that F is here an arbitrary sub-o-field of G. O

3.1.2 Evaluation of the Conditional Expectation E (Y |G;)
Lemma 3.4 LetY be a bounded random variable.

ﬂ{rgt}E (Y | Qt) = ﬂ{rgt}E (Y | D VF:) =E (ﬂ{rgt}y | Do V Fy). (3.11)

Proof. First, G; C Dy V F; C Do V Fy. Furthermore for any A € Do, V F; we have

/E(HBY|DOO Vft)dP:/
A

1Y dP = YdP:/ E(Y|gt)dP:/ 15E (Y |G)dP,
A ANB ANB A

where we write B = {7 < t}. Notice that the random variable 1gE (Y |G;) is manifestly D; V G-
measurable, and thus it is also Do, V Fi-measurable. We conclude that (3.11) holds. |

By combining (3.11) with (3.1), we obtain the following result (notice that formula (3.12) is a
straightforward generalization of equality (2.1)).

Lemma 3.5 For any G-measurable random variable Y we have

E(Y|G)=1p<nE(Y D VF)+ Lo E (L e 'Y | F). (3.12)
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In some applications, the following version of formula (3.3) appears to be useful.

Proposition 3.2 Assume that C' is a F-predictable increasing process such that Cp is an integrable
random variable. If F follows a process of finite variation then for every t <T

E (/w](l — D,)dC,

or equivalently,

]-'t), (3.13)

Gi) = U(rone™E (/M]a - F,)dC,

J—‘t). (3.14)

gt) = ]1{T>t}eFtE (/]tT] e de,

E (/w](l — Dy,)dC,

Proof. For a fixed t < T we introduce an auxiliary process C' by setting C,, = C,, — C; for u € [t, T].

Then
1t,7]

= E (/]ET] Ly dc, gt)

= E (CT—ﬂ{t<TST} + CTH{T>T} ‘ gt)

= Qe E ( Cu— dFy + Cr(1— Fr) ‘ 7:t)v

16,7]

where the last equality follows from (3.3) (it is clear that the process C,_ is F-predictable). If we
set Gy = 1 — Fy, then

Bio= B[ CGudbit G- Fr)|R)
16,7]

Il
=

(
( . /t ; Co dGy + CrGy ‘]-‘t)
(

- E / G dCy + C,Gy J-‘t)
16,7]

- E (/w](l ~ F,)dC,

where we have used the integration by parts formula for processes of finite variation

Fi),

Cou_ dGy + / G, dCy,

CTGT = éth Jr/
1,7

1,7
and the obvious equality C; = 0. This proves (3.13). Formula (3.14) is an immediate consequence
of (3.13). 0

3.1.3 Semimartingale Representation of the Stopped Process

In the next result we assume that a F-predictable process (mq,t > 0) follows a F-martingale. We
are interested in the semimartingale decomposition with respect to the enlarged filtration G of the
stopped process m: = minr (we shall sometimes use the standard notation m™ for the process m
stopped at 7).
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Lemma 3.6 Assume that a F-predictable process m follows a F-martingale.
(i) If F is a continuous, increasing process then the stopped process my = minr is a G-martingale.
(ii) If F is a continuous submartingale then the process

tAT tAT
M™ = 1y +/ (1—F,) " d(m, F), = minr +/ (1—F,) " d(m, F), (3.15)
0 0

is a G-martingale.
(iii) If m is a continuous process then the process M™ given by (3.15) follows a G-martingale.

Proof. To establish the first statement, we fix s > 0 and we define a F-adapted process m by

setting my = myps for any ¢t € Ry. It is clear that for any ¢t < s we have E (m|G:) = E (m, | Gt).
Furthermore
J-‘t)

= lr<pnmens + BF”H{7—>t}E (/ Muns dFy
t

E(m, |G) = n{Tgt}m,+ertﬂ{T>t}E(/ it dFy
t

#)

= ]]-{Tgt}m‘r + ert]]-{7'>t}<]t7

JtE(/toomu/\deu ]-'t) E(/tsmudGqu/:omsdGu

where we write Gy := e~ '* = 1 — F,. Since G is a F-adapted, bounded, continuous, decreasing
process, It0’s integration by parts formula combined with the F-martingale property of m yields

where

i),

Ji—E (Gtmt — Gym, +/ Gue dmy — my(Goe — Go)
t

ft) =Gymy = e Ttmy,

where we have also used the equality Go, = e > = 0. Consequently, we get
E (ms|Gt) = Wr<cpymy + Lrsyymy = moas = 1y,

the desired result. This ends the proof of (i).

For the second statement, we denote, as before, Gy = e~ 't = 1 — F; (G is now a continuous
bounded F-supermartingale). For a fixed s > 0, we introduce an auxiliary process m

tAs
= -1 _ “
My = Mips — G d{m, FYy = Mipns + Mjpgs
0

where we set m; = fot G, d(m, F),. Obviously, for any t < s we have E (M™|G;) = E (m, | G;).
We need to show that E (m., | G¢) = M;™. To this end, notice that

E (mT |gt) = n{TSt}MT + ert]l{'r>t}(‘]t1 + JtQ)a

where
[e'e) o0
Jtl :E(/ mu/\deu ]:t>7 JtQ :E(/ mZ/\deu
t t

For J}, using It6’s formula and the martingale property of m, we get (notice that Goo = 1— Fy = 0)

—E(/tsmudGu—i—/:omsdGu ]—"t>

E (Gtmt — G, +/ G, dm., +/ d(G, M)y — ms(Goo — Gl)
t t

= G+ (m,G)s — (m,G)y = e Timy + (m, F); —E ((m, F)s | F).

).

J!

%)
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On the other hand, since m* is a continuous process of finite variation, another application of It6’s

formula yields
S (o)
_E(/ m;dau+/ mdG. | 7.)
t s

- E(GtmI—Gsm:Jr/ G dm’, — m* (Goo — G)
t

i

)
= eithz - <m7F>t + E (<m’F>6 | ft)7

where the last equality is a consequence of the definition of m*. Upon simplification, for any ¢ < s
we obtain

E (M7 |Ge) = Lir <y M + Lrsy (me +my) = M.
This completes the proof of part (ii). The proof of part (iii) is similar. Let us stress that we no longer
assume that F' necessarily follows a continuous process, but since m is assumed to be a continuous
process, we have [m, F| = (m, F). a

3.1.4 Martingales Associated with the Hazard Process I

The next result is a generalization of Lemma 2.2. Let us stress that the case when F = G is not
covered by Lemma 3.7.

Lemma 3.7 The process L given by the formula

1- Dy
T1-F
follows a G-martingale. Moreover, for any F-martingale m, the product Lm is a G-martingale. If,
in addition, m follows also a G-martingale then the quadratic variation [L,m], which equals

Ly =T gmpet = (1 — Dy)et

(3.16)

[L, m]s := Lymy — Lomg — / L,_dmg — me_ dLg (3.17)
10,t] 10,t]

is a G-martingale.
Proof. Tt is enough to check that for any t < s

E (irsape™ [Gr) = Lrspye.
In view of (3.4) this can be rewritten as follows

]1{7>t}€Ft E (]l{r>s}@rs Fi) = ]l{r>t}@rt~

To complete the proof of the first statement, it is enough to observe that
E(Lioge|F)=E("Elysg|F) | F) =1
For the second part of the lemma, notice that for ¢t < s in view of (3.1) we have
E(Lims|G) = E(lsgLems|Gr) =lsne’ E(lrsge m, | F)
= ]1{T>t}ert E (m.e'E (Lgrssy | Fs) [ Fr) = (1 — Dy)eltmy = Limy
so that Lm is a G-martingale. The last statement is obvious. O

Notice that under the assumptions of Lemma 3.7, if I" is an increasing process, so that L is
a process of finite variation, then we have [L,m], = Y ., AL, Am,. In this case, (3.17) can be
rewritten as follows -
Lim; = Logmg + / Ls_dmg+ ms dLs. (3.18)
10,¢] 10,¢]
In the next result we deal with the continuous case; more precisely, we assume that I' is a
continuous increasing process. The following result is a counterpart of Propositions 2.1-2.2.
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Proposition 3.3 Assume that the F-hazard process T' of T follows an increasing continuous process.
Then:
(i) the process My = Dy — T'ypr follows a G-martingale, more specifically,

M; = —/ e T dL,. (3.19)
10,¢]
Furthermore, Ly = E,(—M), that is, L satisfies
L;=1 —/ L,_dM,. (3.20)
10,¢]

(ii) If a F-martingale m is also a G-martingale then the product Mm is a G-martingale — that is,
M and m are mutually orthogonal G-martingales.

(iii) If a F-predictable process m is a F-martingale then the product Mm is a G-martingale, where
m is the stopped process, that is, ms = muar for every t.

Proof. Proof of (i). The martingale property of M and equalities (3.19)-(3.20) can be shown using
the same arguments as in the proof of Proposition 2.1, i.e., It6’s formula combined with Lemma 3.7.

Proof of (ii). We need to show that E (Msms — Mym:|G) =0 for any t < s, or equivalently, that
E (ms(Ms — M) | Gi) + E (My(ms —my) | Ge) = 0.

Since m is a G-martingale, it is clear that E (Mi(ms —m¢)|G:) = MiE (ms —my | G:) = 0. On the

other hand

E (my(M, — My) | Gi) = —E(ms/ T dL, |Gy).
1t,s]

To show that the last term above vanishes, let us consider a sequence of stepwise processes I'}, =
S ol M, 4, ((u), where t =19 < -+ < tpq1 = s. Then

n
E (m, /] ALG) = B (med e (R~ 1))
t,s i=0

n

= Z E (E (e_rti ms(Ltq,+1 - Ltz) gti+1) ‘ gt)
1=0

= Z E (E (G_Fti My (Ley — Le,) gti) ‘ gt)
=0

= ZE (E (efrtimti (Lt, — Ly,) gti+1) | gt) =0,
=0

where we have used the martingale property with respect to G of m and Lm (since by assumption
m is a F-martingale, the second property follows from Lemma 3.7).

The proof of part (ii) can be shortened by the direct use of the It6 calculus. Indeed, by virtue of
Lemma 3.7 L and m are orthogonal G-martingales, so that the proces [L,m] is also a G-martingale.
Consequently, applying Itd’s formula and (3.19), we get

Mimy = Momg+ / M, _ dm, + Moy— dMy, + [M,m];
10,t] 10,t]

Momg + / M,_ dm, — Mu_e YudL, — / e v d[L,m],
]O,t] ]O,t] ]O7t]

where L, m and [L, m] follow G-martingales.
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Proof of (iii). If m is a predictable F-martingale then by virtue of part (i) in Lemma 3.6 the stopped
process m = mya is a G-martingale. In view of Lemma 3.7, the product Lm is a G-martingale, and
thus also the stopped process (Lm)™ = Lm, where L; = Lia, also follows a G-martingale. Since

[i,ﬁz]t = f/t’fht - ioﬁlo - / Ls_ dﬁlé - ms_ df/s,
10,t] 10,t]
we conclude that the quadratic variation [E, m] is a G-martingale.

Consequently, the product Mm is a G-martingale, since

My = Mymg+ / M, dmy, + My— dM,, + [M, ]+
10,¢] 10,¢]

= Mymg + / M, _ din, — My_e TvdL, — / e T d[L,m],
10,¢] 10,t]

10,¢]

Momg + / M, _ dim, — My—e " dL, — / e T d[i, My,
10,¢] 10,t]

10,¢]

where we have used the well-known equality [L,m] = [L,m]” = [L, m). ad

Corollary 3.2 For any bounded F-predictable process Z the following processes are G-martingales:

tAT t
V' =Z 1< —/ Z,dly, :/ Zu dM,, (3.21)
0 0

and

tAT
VZ =exp (l{;<4y Zr) f/ (eZ+ —1)dl,,. (3.22)
0

Proof. 1t is apparent that V! is a G-martingale. The martingale property of V2 is an easy conse-
quence of the martingale property of V1. a

Remarks. If the continuous process I' is not of finite variation, formula (2.10) becomes
t
Li=(1-Dye" =1+ / e ((1 = Dy) (dly + (1/2)(T)y) — dD.,)
0

and it is no longer true that M is a G-martingale (but, of course, the process Dy —T'inr — (1/2)(T)inr
is a G-martingale).

Lemma 3.8 The martingale p; = E (Lyr<-y|Gt) has the dynamics
dpt = *ptfth + Lt,dmt + d[L, m]t, (323)
where my = E (e 17 | 7).
Proof. Tt suffices to write
Pt = ]].{t<7-}€FtE (CFT |ft) = Ltmt.

Decomposition (3.23) is useful in the study of the dynamics of a defaultable zero-coupon bond (see
Blanchet-Scalliet and Jeanblanc [2]). o
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3.1.5 F-intensity of a Random Time

Let us consider the classic case of an absolutely continuous F-hazard process I' (of course, T is
here a continuous increasing process). More precisely, we assume that I'; = fg Yy du for some F-
progressively measurable nonnegative process =, referred to as the F-intensity of a random time 7.
By virtue of Proposition 3.3, the process M given by the formula

t

tAT t
M, = D; — / Yy du = Dy — / Lrsuyyudu = Dy — / ir>uyvudu (3.24)
0 0 0

follows a G-martingale. This property is frequently used in the financial literature as a definition of
a ‘stochastic intensity’ of a random time. The intuitive meaning of the F-intensity - as the ‘intensity
of survival given the flow of informations F’ becomes clear from the following corollary.

Corollary 3.3 If the F-hazard process I' of T is absolutely continuous then for any t < s

P(r>s5|G) =1y E (e S ot | 7

and
Pt <7<s5|G)=1{~nE(1 — e J | F2).

Remarks. Since obviously the F-hazard function I' is not well defined when 7 is a F-stopping time
(that is, when D C F so that G = F), Corollaries 3.1-3.3 cannot be directly applied in such a
case. However, it appears that for a certain class of a G-stopping times we can find an increasing
G-predictable process A such that for any ¢ < s

P(r > 5[G0) = Lragy B (M G) = Loy B (e 2] g)),

where the second equality holds provided that the process A is absolutely continuous, that is, A; =
fot Ay du for some process A. It seems natural to conjecture that the martingale hazard process A,

which is formally introduced in Section 4, always represents the [F-hazard process of 7 for some
filtration F such that 7 is not a F-stopping time. The notion of a martingale hazard process should
thus be seen as a technical tool which allows us to find the ‘natural’ hazard process of .

3.2 DMartingale Representation Theorems
3.2.1 General Case

We shall first consider a general setup: in particular, we do not assume that the filtration F supports
only continuous martingales. We shall assume, however, that the process F' is continuous and
increasing. Recall that if F; = P(r < t|F;) follows an increasing continuous process then the
associated hazard process I is also an increasing continuous process, since I't = —In (1 — F}). Recall
also that in this case the process M = D; — I'ta; is a G-martingale. We reproduce here the results
of Blanchet-Scalliet and Jeanblanc [2].

Proposition 3.4 Assume that the F-hazard process I' of T follows an increasing continuous pro-
cess. Let Z be a F-predictable process such that the random wvariable Z, is integrable. Then the
G-martingale M? = E(Z,|G;) admits the following decomposition

MtZ:m0+/

el dim, +/ (Zy — 24) dM,, (3.25)
10,t] 10,t]
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where My = Miar, and m is a F-martingale, namely,

my E(/OOO Zye Tudl, }‘t) E(/OOO 7, dF,

}‘t) (3.26)

so that in particular mg = MZ. Moreover

4 =E (/ Z, el Tudr, ‘ ]—‘t> — 'E (/ Z., dF,
t t

]-'t). (3.27)
Proof. By virtue of Proposition 3.1, we have
MZ =E(Z:|G)) = Ujr<iyZr + 1oy E (/ Zye 't Tudr, ‘ ]-'t) = ey Zr + N rony .
¢

It follows from our assumptions that e'* is a continuous increasing process. Hence the Ité integration
by parts formula yields (notice that m is a G-semimartingale)

t
zr = ertmt—er‘/ Zue Tudly,
0

t t t u
= m0+/ eF”dmqu/ mueF“dI‘uf/ ZudI‘uf/ eF”/ Zye Tvdl, dTy,
10,¢] 0 0 0 0

t
= my +/ el“dm,, +/ (zu — Zy) dTy,.
10,4] 0

Furthermore, since z is a right-continuous process with left-hand side limits, we have

Lirsey2e = mo +/ dzy — W<y 2r.

10,tAT]

We conclude that

tAT
MtZ = mo + / elu dm,, + / (Zu — Zy)dly + ﬂ{-r<t}(Z7— — zr),
10,tAT] 0 -
and this immediately yields (3.25). |

Corollary 3.4 Under the assumptions of Proposition 3.4 if, in addition, Az; =0 (or equivalently,
Am, =0) then

MZ =mq + / el dim, + / (Zy — MZ )dM, = mo+ M? + MZ, (3.28)
10,t] 10,t]

where MZ and M% are mutually orthogonal G-martingales, i.e., MZMZ is a G-martingale.

Proof.  Since obviously z, = MZ for u < 7, we get also 2, = z,_ = MZ . Thus

Lirsiyze =mo +/ dzy — ]l{Tgt}MTZ_.

10,tAT]

Since T is a continuous process, we conclude that (3.28) is valid. For the second statement, notice
that by virtue of part (iii) in Proposition 3.3 the quadratic variation [M,m] is a G-martingale.
Consequently, the process®

N7, 317, = / N (Z, — M7 ) d[M, ),
10,]

5In fact is it easily seen that under the present assumptions we have [M,m] = 0.



28 DEFAULT RISK: MATHEMATICAL TOOLS

follows a G-martingale, and thus also the product MZMZ is a G-martingale. O

If the filtration F supports only continuous martingales (for instance, if F is the natural filtration
of some Brownian motion under P) then clearly Am, = 0. In this case equality (3.28) represents
the decomposition of the G-martingale MZ into a continuous G-martingale MZ and a discontinuous
G-martingale MZ. Since MZ and MZ are mutually orthogonal G-martingales, formula (3.25) gives
in fact the canonical decomposition of the G-martingale MZ into a continuous martingale part MZ
and a purely discontinuous martingale part MZ.

Corollary 3.5 Assume that T' is an increasing continuous process. Let h : Ry — R be a Borel
measurable function such that h(t) is integrable. Then M]' := E(h(7)|G:) admits the following
decomposition

M =mg +/ eledim, +/ (h(u) — gu) dM,, (3.29)
10,t] 10,t]

where My = Mypr and m is a F-martingale

m, = E (/OOO h(u)e T dT, ‘ ]—‘t> —E (/OOO h(u)dF,

so that mg = M}, and

]—"t> (3.30)

g =c"E (/ h(u)e Twdl,
¢

ft) = E ( /t " ) dF,

The following corollary to Proposition 3.4 was already established in Section 2.3.

]-'t). (3.31)

Corollary 3.6 Assume that the filtration F is trivial and T follows an increasing continuous func-
tion. Let M} := E (h(7) | D;) for some bounded Borel measurable function h: R — R. Then

M= MY+ /] () = g,

where the function g : Ry — R equals

g(t) =" E (R(M) L frspy) = el'® /too h(u) dF(u).

3.2.2 Case of a Brownian Filtration

In this section, we consider the case of the Brownian filtration, that is, we assume that F = FY for
some Brownian motion W. We postulate that the Brownian motion W remains a martingale (and
thus a Brownian motion) with respect to the enlarged filtration G. (See section 4.1.1) Let us fix
T > 0. In the next result, we do not assume that F' is an increasing process (in other words, we do
not assume that the G-martingale L is of finite variation). We reproduce here a result of Kusuoka
[19].

Proposition 3.5 Let X be a Gr-measurable integrable random variable and let M := E(X|G;)
fort € [0,T]. Then the G-martingale MX admits the following decomposition

t
MX = M+ / X aw, + [ X dL, = ME+IX 1Y, (3.32)
0 10,¢]

Jort e [O,AT]7 where £X and fX are G-predictable stochastic processes. Moreover, the G-martingales
L and L are mutually orthogonal.
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Proof. Since Gr = Dy V Fr, it is clear that it is enough to consider a random variable X of the
form X = (1 — D,)Y for some fixed s < T, where Y is a Fp-measurable random variable. Notice
that

X=(1-D,Y =(1-D,)e Y =L,Y,

where Y = e T*Y is a Fp-measurable integrable random variable. We introduce the F-martingale
t

U=E(Y|F)=E(Y) +/ & dW,, VYte[0,T], (3.33)
0

where the second equality is a consequence of the martingale representation property of the Brownian
motion W (so that £ is a F-predictable stochastic process). Since by assumption W is also a G-
martingale it is clear the process U is not only a F-martingale, but also a (continuous) G-martingale.
Invoking Lemma 3.7, we find that the quadratic variation [L, U] follows a G-martingale. Thus we
obtain (L€ stands for the continuous martingale component of L)

(L, U}y = (L°,U)¢ + > _ ALy, AU, = (L°,U):.

u<t

It turns out that [L,U] = (L¢ U) = 0 (recall that any continuous martingale of finite variation is
constant). Clearly Ur =Y so that X = L,Up. 1t6’s integration by parts formula yields

X

T
Lo+ [ Ledvi+ [ U dz+ L),
0 10,s]
B T
= EY)+ / &Ly dWy + / Uilljp,q (t)dLy.
0 10,77

We thus get (3.32) with &X = &L, and QZX = Uil 4 (t). It remains to show that the G-martingales

LX and L¥ are mutually orthogonal. As a consequence of Lemma 3.7, we get [L, W] = (L, W) = 0.
The G-martingale property of the product LX L thus easily follows from It6’s lemma. O

Corollary 3.7 Under the assumptions of Proposition 3.5 if, in addition, the hazard process I is an
increasing continuous process then

t
MY = M~ +/ X dw, + ¢Xdam, = Mg+ M + M, (3.34)
0 10,t]

where X and (X are G-predictable stochastic processes. Moreover, the continuous G-martingale
M™X and the purely discontinuous G-martingale M are mutually orthogonal.

Proof. Tt is enough to observe that part (i) in Proposition 3.3 yields

/ Uy—dL, = f/ UyLy_dM,
10,¢] 10,¢]

so that it is enough to set (X = —U;L;_. The mutual orthogonality of G-martingales MX and MX
is also obvious. |

In the next result, we no longer assume that W is a martingale with respect to G. By virtue of
Lemma 3.6, if F' is an increasing continuous process then the stopped process Win, is a G-martingale.
Otherwise, the process

AT
W, = Wi +/ (1= F)~d(W, F), (3.35)
0

is a G-martingale.
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Let Z be a F-predictable process Z, such that the random variable Z, is integrable, we define
(cf. (3.26))

o0
mi = E (/ Zye~Tudl,
0

It is clear that m admits the integral representation

).

t
mt:moJr/ §deu
0
for some F-predictable process €. The next result is an immediate corollary to Proposition 3.4.

Corollary 3.8 Assume that the F-hazard process I' of T follows an increasing continuous process.
Then the G-martingale M7 = E(Z.|G:) admits the following decomposition into two mutually
orthogonal G-martingales

t
M7 =mg + / el eZ AWyunr + / (Zy — MZ ) dM,,. (3.36)
0 10,¢]

Notice that on the random set [0,7] the process MZ equals to some F-predictable process.
Therefore equality (3.36) means also that

t
MZ:mO+/ guquAT+/ CudMu
0 10,tAT]

for some F-predictable processes & and (.

3.3 Change of a Probability Measure

We shall now deal with an equivalent change of a probability measure. We make the following
standing assumptions: (a) F is generated by a Brownian motion, (b) any F-martingale is a G-
martingale under P, (c¢) the hazard process I' of 7 is an increasing continuous process. ;From
Proposition 3.3 we know that the process My = D; — I'yp, is a G-martingale. We fix T > 0. For
a probability measure P* equivalent to P on (2, Gr) we introduce the G-martingale 7, t < T, by
setting

apP*
= =Ep(X P-as,, 3.37
Tt dP g, p(X[G), a.s ( )
where X is a Gp-measurable integrable random variable, such that P(X > 0) = 1. In view of

Corollary 3.7 the Radon-Nikodym density process 1 admits the following representation

t
m=1+/£udwu+ Cu dM,
0 10,4

where ¢ and ( are G-predictable stochastic processes. Since 7 is a strictly positive process, we get
=1+ / Nu— (Bu AWy + Ky dM,,) (3.38)
10,¢]
where 3 and k are G-predictable processes, with x > —1.

Proposition 3.6 Let P* be a probability measure on (2, Gr) equivalent to P. If the Radon-Nikodgm
density of P* with respect to P is given by (3.37) with n satisfying (3.38), then the process

t
W::Wt*/ Budu, Vi€ l0,T], (3.39)
0
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follows a Brownian motion with respect to G under P*, and the process
M} = M; — / Ky dl'y = Dy — / (14 Ky)dly, Vte[0,T], (3.40)
10,tAT] 10,tAT]
is a G-martingale orthogonal to W*.

Proof. Notice first that for ¢ < T we have
dmWi) = Widne +n— dW +d[W™, )
= Wgdne +n— dWy — ne— By dt + 1 By d]W, W],
= Widn +m— dW,.

This shows that W* is a G-martingale under P*. Since the quadratic variation of W* under P*
equals [W*, W*], = ¢ and W* is continuous, by virtue of Lévy’s theorem it is clear that W* follows
a Brownian motion under P*. Similarly, for ¢t <T

dmM{) = M dn + ne— dMy + d[M™, ]
= M dn +n— dMy — ke dUinr + ne— ke dDy
= Mt* d’l]t +7’]t_(1 +K/t)th-

We conclude that M* is a G-martingale under P*. To conclude it is enough to observe that W* is
a continuous process and M* follows a process of finite variation. O

Corollary 3.9 LetY be a G-martingale with respect to P*. Then Y admits the following decompo-
sition ]
=Yoot [ gawi+ [ Gan (3.41)
0 10,¢]

where £ and C* are G-predictable stochastic processes.

Proof. Consider the process Y given by the formula
Yi =/ Mot d(nuY) —/ Nl Yo dipy.
10,t] 10,t]

It is clear that Y is a G-martingale under P. Notice also that Itd’s formula yields

Mol d(nuYy) = dYy + 0, Yo dny + 03t d[Y, ),

and thus
YiYor Bie [t dYon (3.42)
10,2]
From Corollary 3.7 we know that
t
Y=Y+ / & AW, + Cu dM,, (3.43)
0 10,¢]

for some G-predictable processes & and C. Therefore
ay; = gt AWy + <~t dM; — 771:_—1 dlY,nl:
& dW; + (1 + ky) "t dM;
since (3.38) combined with (3.42)-(3.43) yield
nt dlY,nle = &Py dt + (eri(1+ k)"t dDy.

To derive the last equality we observe, in particular, that in view of (3.42) we have (we take into
account continuity of T')

AlY,n)s = ﬂtfétﬂt dDy — ke A[Y, ]t

We conclude that Y satisfies (3.41) with &* = € and ¢* = {(1 + &)~ ad
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3.4 Applications to the Valuation of Defaultable Claims

Let us fix t < T, and let ¢ be a constant. As a simple consequence of (3.4), for arbitrary G-measurable
random variable Y we obtain

E(Mycrcry 0+ Loy Y |G) = 0Pt <7 <T[Gt) + Loty E(Lrory Y | Gr),
so that
E(ljerer 0+ Upam Y [G) =01y E(1— €717 | F) + Loy E(Lary e Y | 7).
If Y is a Fp-measurable random variable, we may rewrite the last formula as follows
E(Ijcr<ry 0+ Uirory Y [G) = 0o E (1= 717 [ F) + L ppuy E (T Y | ).

If, instead of constant d, we take a random payoff h(7), then we get

T
E(Mycr<m h(7) + Li7om Y [G) = 1o E (/ h(u)e"* " dT, ‘ ]'—t) +ln E (e TTY | Ry,
t

provided that I' is continuous and Y is Fp-measurable. Finally, under the same assumptions, if Z
is a F-predictable process, then

T
E (Lgcrery Zr + 1romy Y G) = sy B ( / Zu" T AT | Fo) Uy BT TTY | R,
t

Let us introduce the savings account process B (B is assumed to be a F-adapted continuous process
of finite variation). For any ¢t < T, we set B(t,T) = B,E(B;'|F:), and we refer to B(t,T) as
the price of a default-free zero-coupon bond which pays 1 at time T. First, for the conditional
expectation

Vi := B.E (51} B7'Y | Gy)

we obtain ) A
VY =10 BE (" TTBrY | F) = 1wy B E (B:'Y | Fy),

where we set B, = Byel*. The next goal is to evaluate the conditional expectation
V= B, E (Iycr <1y By 'h(7) | Gi)

and
V7 :=BE (Igrr<ry By ' Z- | Gy).

If T' is continuous, we get

T
VP = 1l{,oyy B/E (/ By h(u)dr,
t

)

}‘t).

and

T
VZ = 1oy BLE (/ B:17, dr,,
t

For instance, if h = § for some constant § and Y = 1, we obtain
T
Vi = BB (jucrery B0 + Uirory By | Gr) = Lirsny By (5/ B tdl, + B! ‘ft)- (3.44)
t
If we introduce the modified bond price B(t,T) = B; E (B7'| F;), then

T
V, = 11{T>t}6Bt (/ B;tdr,
t

]—‘t) + Uy B, T).
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4 Martingale Hazard Process

It should be stressed that the case of D C F (i.e., the case when F = G) is not excluded. Put another
way, the case when 7 is a F-stopping time is also covered by the foregoing results. The concept of
a (F,G)-martingale hazard process is a direct counterpart of the notion of the (FY,D)-martingale
hazard process (that is, the martingale hazard function of 7).

4.1 Martingale Hazard Process A

Definition 4.2 A F-predictable right-continuous increasing process A is called a (F, G)-martingale
hazard process of a random time 7 (or, in short, a F-martingale hazard process) if and only if the
process M; := Dy — Aypr follows a G-martingale. In addition, Ay = 0.

Our first goal will be to examine a special case when the F-martingale hazard process A can be
expressed through a straightforward counterpart of formula (2.28).

4.1.1 Martingale Invariance Property

We examine first an abstract setup: we are given a probability space (£2,G,P) endowed with a
filtration G. Let F be an arbitrary sub-filtration of G.

Definition 4.3 We say that a filtration F has the martingale invariance property with respect to
a filtration G (or that (H)-hypothesis holds) if every F square-integrable martingale is a G square-
integrable martingale.

This hypothesis implies that the F-Brownian motion remains a Brownian motion in the enlarged
filtration. It was studied, among others, by Brémaud and Yor [4] and Mazziotto and Szpirglas [22],
and for financial purposes by Kusuoka [19]. This hypothesis is quite natural, despite its technical
form. It is equivalent to:

(H*) For any t € R4, the o-fields Fo, and G; are conditionally independent given F;.

This can be written in any of the equivalent forms in which G and H are bounded random variable
(see, e.g., Dellacherie and Meyer [9]):

(Hl) VHE]'—OQ, VGtegt, E(Hthj:t):E(Hlft)E(Gt|]:t),
(H2) Vt>0,VGeG, E(Gi|Fux)=E(G:|F),
(H3) Vt>0,VHEeFs, E(H|G)=E(H|F).
Lemma 4.9 In our setting, condition (H) is equivalent to the following condition (H')
P(r<t|Fs)=P(r<t|F), WeR,. (4.45)
Proof. If (H2) holds, then (4.45) holds too. If (4.45) holds, then, for s < ¢,
Pir<s|F)=Pr <s|F|Ft)=P(r <s|Fs|Ft) =P(r <s|Fs) =P(7 < 8| Feo)-

Then, the fact that D; is generated by the sets {7 < s}, s < ¢ proves that F., and D; are conditionally
independent given F;. This result can be also found in [10]. |
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4.1.2 Evaluation of A: Special Case

We find it convenient to introduce the following condition:

(G) F follows an increasing process.

Proposition 4.7 Assume that (G) holds, i.e., F is increasing. If the process A given by the formula

dF, dP(7 < u|F.)
A :/ —_— :/ 4.46
¢ 10,t] 1—Fu_ 10,¢] 1—P(T<U|]:u) ( )

is F-predictable, then A is the F-martingale hazard process of a random time T.

Proof. Tt suffices to check that D; — Ain, follows a G-martingale, where G = D V F. Using (3.1),
we obtain for t < s

P(t<7'§5|]:t) E(Fs|.7:t)—Ft

E(Ds = Di|G) =Pt <7 <s|G) =115y P(r> (| F) =15y 1—F

On the other hand,
E (As/\'r — A¢ar | gt) =E (]]-{T>s}(As - At) | gt) +E (]]-{t<7'§s} A‘r | gt)a

where, for a fixed ¢, we write A, = (A, — Ap)ly oo(u) (so that A follows a F-predictable process).
Therefore, an application of formula (3.3) gives
).

E (n{t<‘r§s} AT | gt) = ]1{7>t}ert E (/ (Au - At) dFu

It,s]

Furthermore, (3.4) yields

E (]]‘{T>S}(AS - At) |gt) = ]]-{7—>t}ert E (]]‘{T>S} (As - At) |]:t)

Combining the formulae above, we get

E (Aspr — Aiar [G1) = Tpruyye E (11{,>S} (As — Ay) +/] ](Au — A dF,
t,s

#)

= ]1{-,—>t}eF‘ E ((1 — F‘é)(A6 — At) +/ (Au — At) dF, .7'—,5),

1t,5]

where the last equality follows from the conditioning with respect to the o-field Fs.

4.1.3 Evaluation of A: General Case

Assume now that either (G) is not satisfied, and the process F' is not increasing, or (G) holds, but
the increasing process F' is not F-predictable.® As the next result shows, the F-martingale hazard
process A can nevertheless be found through a suitable modification of formula (4.46).

In the next result we do not need to assume that (G) holds. We write F to denote the F-
compensator of the bounded F-submartingale F. This means that F is the unique F-predictable,
increasing process, with Fy = 0, and such that the process U = F — F follows a F-martingale (the
existence and uniqueness of F' is a consequence of the Doob-Meyer decomposition theorem). In
standard examples, 7 is a totally inaccessible F-stopping time, and F follows a F-adapted process

with continuous increasing sample paths.

6For instance, T can be a F-stopping time, which is not F-predictable. If T is a F-stopping time, we have simply
F = H, and the process D is not F-predictable, unless the stopping time 7 is a F-predictable.
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Proposition 4.8 (i) The F-martingale hazard process of a random time T is given by the formula

dF,
m:/ _t (4.47)
jo.e] 1= Fu-
(ii) If Fy = Fipr for everyt € Ry (that is, the process F is stopped at T) then A = F.

Proof. It is clear that the process A given by (4.47) is predictable. Therefore, we need only to
verify that the process My = Dy — Ayn- follows a G-martingale. We proceed along the same lines as
in the proof of Proposition 4.7.

We shall now prove part (ii). We assume that Fipnr = F, for every t € R, . This means, in
particular, that the process F; — Fin, is a F-martingale. We wish to show that if the process
D; — F;,. follows a G-martingale, that is, for any ¢ < s

E (Ds — Fipr |Gi) = Dt — Fiar,

or equivalently,

E(Ds*Dt|gt) :E(FSAT*FtAT|gt)~
By virtue of (3.1), we have

E(D; — D: | F)
E(D;—Di|G)=(1—-Dy) ———m—F——=. 4.48
( t| t) ( t) E(].*Dt|.7:t) ( )
On the other hand,
s g . . E (Fspr — Finr | F
E(FsAr*FmHgt) = E(]l{r>t}(FsAr*FtAr)|gt):(1*Dt) (E(Al—D:?}'l) t)
E(F, — Fy| F) E(Ds — D¢ | F)
= 1-D)——-——==(1-Dy) ————F——-,
( ) E(1—D;|F) ( ) E(1—D;|F)

where the second equality follows from (3.1), and the third one is a consequence of our assumption
that the process F; — Fiar is a F-martingale. a

Remarks. Under assumption (H), the process F is never stopped at 7, unless 7 is a F-stopping time.
To show this assume, on the contrary, that F; = Fyr,. Let us stress that under (H), the process
F, — Fy5, is not only a F-martingale, but also a G-martingale (this martingale invariance property
was introduced in Section 4.1.1).

Since by virtue of part (ii) in Proposition 4.8 the process D; — Fyr, is a G-martingale, we conclude
that D — F follows a G-martingale. In view of the definition of F) the last property reads

E (Ds|Gt) — E(E(Ds| Fs)[Gt) = Dy — E (D¢ | ),
for t < s, or equivalently
E(Ds; — D;|G:) =E (E(Ds| ) |G:) —E (D¢ | F) = I — L. (4.49)
Under (H), we have
L=EMPF<s|F)|FVD)=E(P(1<5|Fu)| F VD) =E(P(1 < 5| Fuo) | Fi)

since the random variable P(7 < s|Fu) is obviously F.-measurable, and the o-fields F and D
are conditionally independent given F;. Consequently, I[; = E(E (D, | Fx) | F:) = E(Ds | Fi). We
conclude that (4.49) can be rewritten as follows

E(Ds — D¢ |G) = E(Ds | Fi) — E (D¢ | F).
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Furthermore, applying (4.48) to the right-hand side of the last equality, we obtain

E(D; — D: | F)

=) 50—, 7)

=E (D, — D/ | F).

By letting s tend to oo, we obtain Dy = E (Dy|F;) or more explicitly, P(7 < t|F;) = li;<4y for
every t € R;. This shows that 7 is a F-stopping time.

4.1.4 Uniqueness of a Martingale Hazard Process A

We shall first examine the relationship between the concept of a F-martingale hazard process A of
7 and the classic notion of G-compensator of .

Definition 4.4 A process A is a G-compensator of 7 if and only if the following conditions are
satisfied: (i) A is a G-predictable right-continuous increasing process, with Ag = 0, (ii) the process
D — A is a G-martingale.

It is well known that for any random time 7 and any filtration G such that 7 is a G-stopping
time there exists a unique G-compensator A of 7. Moreover, A; = A;n-, that is, A is stopped at 7.
In the next auxiliary result, we deal with an arbitrary filtration ' which, when combined with the
natural filtration D of a G-stopping time 7, generates the enlarged filtration G.

Lemma 4.10 Let F be an arbitrary filtration such that G =D V F.

(i) Let A be a G-predictable right-continuous increasing process satisfying Ay = Ainr. Then there
exists a F-predictable right-continuous increasing process A such that Ay = Agar.

(ii) Let A be a F-predictable right-continuous increasing process. Then Ay = Aiar is a G-predictable
right-continuous increasing process.

The next proposition summarizes the relationships between the G-compensator of 7 and the
F-martingale hazard process A of 7. Once again, F is an arbitrary filtration such that G =D V F.

Proposition 4.9 (i) Let A be a F-martingale hazard process of 7. Then the process Ay = Aipr is
the G-compensator of T.

(ii) Let A be the G-compensator of T. Then there exists a F-martingale hazard process A such that
A = Agpr.

Let us summarize the results above. First, for any random time 7 on some probability space
(Q,G,P), and an arbitrary filtration F there exists a F-martingale hazard process A of 7. Further-
more, it is unique up to time 7, in the following sense: if A! and A? are two F-martingale hazard
processes of 7, then A}, = A2, . To ensure the uniqueness after 7 of a F-martingale hazard processes
we need to impose additional restrictions on A.

Assume now that we are given a G-stopping time 7 for some filtration G. Then there exist several
distinct filtrations F such that G = DV F. Assume that G =DV F! =DV F?, and denote by A’ a
Fi-martingale hazard process of 7. Then Al = Aipr = A2, . Tt seems reasonable to search for the
F-martingale hazard process where F is a ‘minimal’ filtration such that G = D v F.

4.2 Relationships Between Hazard Processes I' and A

Let us assume that the F-hazard process I is well defined (in particular, 7 is not a F-stopping time).
Recall that for any Fs-measurable random variable Y we have (cf. (3.6))

E(l;5>gY|G) =1y E (Ve

t)- (4.50)
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The natural question which arises is this context is: can we substitute I' with the F-martingale
hazard function A in the formula above? Of course, the answer is trivial when it is known that the
equality A =T is valid, for instance, when condition (G) are satisfied and F' is a continuous process.
More precisely, we have the following result.

Proposition 4.10 Under assumption (G) the following assertions are valid.
(i) If the F-hazard process T is continuous, then the F-martingale hazard process A is also continuous,
and both processes coincide, namely,

Ft:At:—ln(l—Ft), VteR.,. (451)

(ii) If the F-hazard process T is a discontinuous process then the equality A =T is not satisfied, but
we have

e =t ] (1-AA), (4.52)

o<u<t

where A€ is the continuous component of A, that is, Af = Ay — Zogugt AA,.

If, in addition, the process A = I is absolutely continuous then for any F-measurable random
variable Y we get

B (Ljsn Y] G) = Lipag B (Ve 2% 7). (453)
The following result is an obvious consequence of Proposition 3.1.
Corollary 4.10 Suppose that assumption (G) holds and F follows a continuous process so that

Iy=Ar=—In(1 — F) for every t € Ry
i) Let Y = h(7) for a Borel measurable function h : Ry — R. Then

oo
E(Y[G) = l{rey h(7) + 1o E (/ h(u)ete A dA,, ‘]—'t). (4.54)
t
1) Let Z be a F-predictable process. Then for anyt < s

S
E(Zljcresy |G) = Lo E (/ ZyeM M dA, ‘]—'t). (4.55)
t

We shall now examine the following question: does the continuity of the F-martingale hazard
process A imply the equality A = I'? The first result in this direction gives only a partial answer to
this question.

Proposition 4.11 Under assumption (G), assume that any F-martingale is continuous. If the F-
martingale hazard process A follows a continuous process then for arbitrary t < s and any bounded
Fs-measurable random variable Y we have

LionE (Ve T | F) = 1o nE(Yer ™ | F). (4.56)
Proof. We shall show that for any t < s
P(l;50Y |Gr) = LprsnyE(Yet ™ | 7). (4.57)

To this end, let us introduce the F-martingale m; = E (Ye= s | F), where YV is a bounded F-
measurable random variable. Also let L; = 1,54 e, The G-martingale property of L follows
easily from Itd’s lemma and the assumed continuity of A. Indeed,

d.Z/t = (1 — th)eAt dAt - €At th = *eAt th = *.Z/tf th (458)
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By virtue of part (i) in Lemma 3.6 the stopped process m; = m¢a is a continuous G-martingale, so
that it is orthogonal to the G-martingale Z; = Lins (which is obviously of finite variation). Therefore
the product mZ is a G-martingale, and thus

t)-

E (msZs |Gt) = 1t Zt = Ly munre™ = Lpsymee™ = 1,20 E (Ve

Furthermore,
msZs = L5 mé/\Te =1 Y"ITL6 =Yg

This shows that (4.57) is indeed satisfied. Combining (4.57) with (4.50), we get (4.56). O

It appears that under the assumptions of Proposition 4.11 we can establish the equality I' = A
as the following result shows.

Proposition 4.12 Under assumption (G), if F supports only continuous martingales, then:
(i) if A is a continuous process, then I' is also continuous and A =T,
(i) if A is a discontinuous process, then T' is also a discontinuous process, and A # T

Proof.  We know that the F-martingale hazard process A is given by (4.47). Therefore, if A is
continuous then also F is continuous, and thus also F = M + F follows an increasing continuous
process. Consequently, A is given by (4.46) and thus Ay = —In (1 — F}) = I';. The second statement
follows by similar arguments. O

To the best of our knowledge, it is not known whether the (absolute) continuity of A implies
the (absolute) continuity of T', in general (under (G), say). The following conjecture seems to be
natural.

Conjecture (A). Under assumption (G), if the F-martingale hazard process A is continuous, then
I'=A.

In view of Proposition 4.7, it would be enough to show that I' is a continuous process, and the
equality I' = A would then follow. The following example shows that Conjecture A is false, in
general, when hypothesis (G) fails to hold.

Example 4.1 Let (W;, t € R;) be a standard Brownian motion on (2, F, P), where F = FW is the
natural filtration of W. A random time 7 is defined by 7 =sup{t <1: W; =0}. We set G = DVF.
Then the F-hazard process of T equals T'y = —In (1 — F}), where

Wi \/> / —u?/2
F:Pr<t]-":(1>( ) and  ®(z w2 gy,
t ( = | t) m
On the other hand, the F-martingale hazard process of 7 is
\/5 /t dLb
Ay =1/ —

™ Jo m
where L stands for the local time of W at 0. Indeed, we have the following well known result (see,
for instance, Yor [26]).

Lemma 4.11 We have

F,=P(r <t|F) :cp( (4.59)

The F-compensator of F equals

where LY is the local time at level O of the Brownian motion W.
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Proof. For t < 1, the set {7 <t} is equal to {d; > 1}, where
dy =inf{u>t: W, =0}
Let us recall the following equality (cf. Yor [26])
dt :terf{u Z 0: Wqut - Wt = *Wt} = t+’7A'7Wt =t+ —=. (460)
We denote here 7, := inf {u > 0 : Wu = b}, where W is a Brownian motion independent of ]-'tW .

Also, G is a Gaussian variable, with mean 0 and variance 1, independent of W;. It is clear that

(g; >1-1) = q>(%). (4.61)
The Tto-Tanaka formula combined with the identity «®(z) + ®”(z) = 0 lead to
cesir-a () [ (L)) 1 ()
- [ () S%)dw ()
oy i

P(T§t|}})P(dt>1|]~})<I>< [ W] )

~ \/5/t dL?
Fo=4/2
T Jo V1—3s

This ends the proof. O

But in view of (4.60)-(4.61)

and thus the F-compensator of F' is

Using the well-known property of the local time

t
L= [ il
0

we find that LY = LY, , so that F; = Fyx,. Consequently, in view of part (ii) in Proposition 4.8
we conclude that the F-martingale hazard process A equals F. Notice that condition (G) is not
satisfied in the present setup (thus (H) does not hold). Furthermore, both I" and A are continuous
processes, but A follows an increasing process and I' has non-zero continuous martingale part, so
that clearly I and A do not coincide. To conclude, if (G) fails to hold, the continuity of I and A
is not sufficient for the equality I' = A to hold. Notice also that the G-compensator A of D, which
satlsﬁes A; = Aypr is also equal F. Let us ﬁnally observe that F-martingale hazard process A is also
the F-martingale hazard process of 7, where F stands for the natural filtration of W3] (of course, I
is a strict subfiltration of F). Similarly, we have F, = P(r < t|F) = P(r < t|F;) = F; for every
t, and thus I'y = f‘t.

4.3 Martingale Representation Theorem

We shall first consider the following setup: we are given an underlying filtration F and the enlarged
fitration G = F V D, where D is generated by a random time 7. In addition, we assume that the
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assumptions of Proposition 4.8 are valid, so that F' follows an increasing F-predictable process and
the F-martingale hazard process A of a random time 7 is given by the formula

dF,
A :/ —_— 4.62
YR .

By the definition of the F-martingale hazard process the compensated process M; = D; — Agnr
follows a G-martingale. Recall also that by virtue of Lemma 3.7 the process L given by the formula

Lyi=lap(l-F) ' = 11:—?5
is always a G-martingale. We shall check that
dL; = —(1 — F,)~tdM,. (4.63)
To this end, we note that
Ay o= Agpy = / L= Du g / Lo_ dF,. (4.64)
j0. 1= Fu- 10.4]

Moreover, since
1-Dy=L(1-Fy)

we get by Itd’s lemma (notice that L is also a process of finite variation)
dDy = Ly dF;, — (1 — F;)dL; = Ay — (1 — Fy) dLy

The following result is a counterpart of Proposition 3.4.

Proposition 4.13 Let Z be a F-predictable process such that the random variable Z. is integrable.
Then the G-martingale M? = E(Z,|G;) admits the following decomposition

M7 =mg +/ Li_dm, +/ (Zy — D) dM,, (4.65)
10,t] 10,t]

where m is a F-martingale, namely,

o0
mt:E(/ Z. dF,
0

so that in particular mg = MZ. Moreover

%)

o0
Dy=(1—F)'E (/ Z dF,
t

]-'t).

Proof. By virtue of Proposition 3.1, we have (cf. (3.3))
M7 =E(Z.|G) = DiZ. + (1 — D;)Dy = D; Z. + D,

where

Dy := (1 — Dy)Dy = Ly(my — /] | Z,dF,).
0,t

Notice that L follows a process of finite variation so that

th Lt_(dmt _thFt)+Dt(1 _Ft)st
Ltf dmt — Zt th + Dt(]. — Ft) st

= L, dmy — Z,dD, — Dy dM,,
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where we have used (4.63) and (4.64). Consequently,
dM? = Z,dD; + dDy = L_ dmy + (Z, — D) dM,
This gives the desired expresssion (4.65). o

Formula (4.65) can also be rewritten as follows

MtZ=m0+/

10,tAT]

(1—F,_)"tdm, +/ (Zy — Dy) dM,,. (4.66)
10.4]

4.4 Case of the Martingale Invariance Property

In the next result, we assume that the martingale invariance property (H) holds. Recall that condi-
tion (G) is then also satisfied. It should be stressed, however, that we shall work directly with the
F-martingale hazard process A. Therefore, Proposition 4.14 covers also the case when the F-hazard
process I' does not exist (for instance, when 7 is a F-stopping time). It appears that equality (4.57)
is valid for a Gs-measurable random variable Y, provided that a suitable continuity condition is
satisfied. The following result is due to Duffie et al. [13].

Proposition 4.14 Assume that hypothesis (H) is satisfied and the F-martingale hazard process A
of T is continuous. For a fized s > 0, let Y be a Gs-measurable integrable random variable. If the
(right-continuous) process V, given by the formula

Vi=E(Yeh | F), Vtelo,s], (4.67)
is continuous at T, that is, AVipr = Vipr — Visar)— =0, then for any t < s we have
E(lsgY|G) =Tgan E(Yete ™ | 7).
Proof. We shall first check that
Up =1V =E (AV: L jer<gy + L)Y | Gr), (4.68)
or equivalently
U, —E (/]t ; AV, dDy + 15 Y ‘ gt>. (4.69)

In view of (4.67), V; = eMmy, where m is a F-martingale: m; := E (Ye*AS
that m is also a G-martingale). Using It6’s product rule, we obtain

Fy) for t € [0, s] (notice

dV, = my_ de™ + e dmy = Vi_e M de + et dmy. (4.70)
On the other hand, an application of It6’s formula yields
dU; = (1 — Dy_)dVy; — Vi dDy — AV, AD;.
Combining the last formula with (4.70), we obtain
dUy = (1 — Dy) (Ve M de™ + et dmy) — Vi dDy — AV, dD;.

After rearranging, we get
dUy = —AV, dDy + dC4, (4.71)

where C stands for a G-martingale. More precisely,

dC; = (1 — Dy_)e dmy + dDy,
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where in turn
dDy = Vi (dD;y — (1 — Dy_)e ™ de™) = —~V;_ d(Dy — Aypr) = — Vi dM,,

so that D is a G-martingale. Since obviously Us = ¢, Y, (4.71) implies (4.69). If V' is continuous
at 7 then (4.68) yields

E (]1{7->s} Y | gt) = ]1{7—>t}vt = ]1{7->t} E (YeA,ngS

Fi).
This completes the proof. O

The following corollary provides a sufficient condition for the martingale hazard process A to
determine the conditional survival probability of 7 given the o-field G;.

Corollary 4.11 Under the assumptions of Proposition 4.14, if the process V' given by the formula

Vi =E (M| F), Vtelo,s], (4.72)
is continuous at 7, that is, AViar = Viar — Vigary— = 0, then for any t < s we have

P(7>5|G) = Loy E (M

F).

Let us stress that the case when F = G (that is, the case when 7 is a G-stopping time) is also
covered by Corollary 4.11.

4.4.1 Application to the Valuation of Defaultable Claims

Assume that B is a F-adapted continuous process of finite variation given by the formula

Bt:exp(/trudu>
0

for some F-adapted integrable process r. The process B is referred to as the savings account. Let
us set

S, := B,E (/] ] By'ZydDy + By X {rory Qt), (4.73)
t, T

where Z is a G-predictable process and X is a Gr-measurable random variable. Then we have the
following result due to Duffie et al. [13].

Proposition 4.15 Assume that a random time T admits an absolutely continuous F-martingale
hazard process A. For a given G-predictable process Z and Gr-measurable random variable X, define
the process V' by setting

T
V, = B,E (/ B, 'Z, )\ du+ B;'X ‘ gt), (4.74)
t

where B is the ‘savings account’ corresponding to the default-adjusted short-term rate Ry = 14 + A,
that is,

B, = exp (/Ot(ru + M) du).

Then,
Loy Vi = BiE (B; (2 + AVl uerery + B Xl reny

G).
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Corollary 4.12 Let the processes S and V' be defined by (4.73) and (4.74), respectively. Then (i)
St =1(r>py (Vt — B,E (B;'1{,<1}AV; ‘ gt));

(ii) of AV; =0, then S; = W7~y V; for every t € [0,T7.

Conjecture (B). Under assumption (H), if Z is a F-predictable process and X is a Fp-measurable

random variable, then the continuity condition AV, = 0 is satisfied.

Instead of proving conjecture (B), to establish the equality S; = 1~ V;, which is the convenient
form of the valuation formula (4.73), it is enough to show first that A = I" and use the following
result.

Proposition 4.16 Assume that the condition (H) is valid and 7 admits an absolutely continuous
F-martingale hazard function A. Let Z be a F-predictable process and X be a Fr-measurable random
variable. If ' = A then Sy = ;5 V; for t < T, where processes S and V are given by (4.73) and
(4.74), respectively.

Proof. First, in view of (H), we have, for any u > ¢ (for the first equality, see Lemma 3.3)

_q P(7’2u|.§’-'oo)_]1 P(r > u|Fu.)
Y Pt Fe) TPt R)

F'U/

P(r > u|Fs VD) =Ngspe’t

Therefore, if Z is a F-predictable process and X is a Fp-measurable random variable, we obtain

a)

- BtE(/tTBglzuAuP{rzu|foov2>t}du}gt) +E(B;1XP{T>T|.7-'OO\/Dt}‘Qt>

T
S = BtE(/ By Zu\ A fucry du + By X1 r sy
t

T
= oy BE (/ B, Zudae™ T du | Fov D) 4 U B (B X
t

7).

where the last equality is an immediate consequence of (H) (see, e.g., (H.3)). If ' = A, we may
replace I' by A in the last formula. O

FiV Dt)

T
= lpoy BE (/ Bl Zude T du } ]—"t> +lan B (B;lxeft—“
t

4.5 Martingale Hazard Process of a Stopping Time

Assume now that the random time 7 is a F-stopping time. This holds if and only if D, C F; for
every t € Ry, or equivalently, if 7, = G, for every t € R,. For obvious reasons, condition (H) is then
satisfied. Moreover, F' = D so that the F-hazard process I' of 7 is not well defined. In view of our
further purposes, we find it convenient to refer to 7 as a G-stopping time, rather than a F-stopping
time. If 7 is a G-predictable stopping time then we get simply A = D. On the other hand, if 7 is
a totally inaccessible G-stopping time, then the G-compensator of the associated jump process D
follows a continuous process.” Once again, we have A # I since obviously the G-hazard process I is
not well defined.® Nevertheless, as already noticed in the previous section, the process A can be used
in the evaluation of certain conditional expectations, provided that some additional assumptions are
fulfilled. The following result is a straightforward consequence of Proposition 4.14.

7See, for instance, Theorem V.T40 in Dellacherie [8].
8However, it is plausible that A coincides with the F-hazard process I' for a certain sub-filtration F of G. Of course,
7 cannot be a stopping time with respect to I (see the example below).
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Corollary 4.13 Assume that the G-martingale hazard process A of a G-stopping time is an abso-
lutely continuous process. For a fired s > 0, let Y be a Gs-measurable random variable. If the process
V, given by the formula

V. = E (Yt |Gy :E(Ye*f:“dﬂgt), Vtelo,s),

is continuous at T, then for any t < s we have

B (Lo Y160 = Loy B(Yeh % G) = B(ve [ 1)

Example 4.2 Let 7 be a random time, given on some probability space (£2,G,P), such that the
cumulative distribution function F' of 7 is continuous. If we take G = D, then 7 is a totally
inaccessible G-stopping time, and its G-martingale hazard process A satisfies

- AT dF(u)
A15/\‘1' - /0 1 — F(’U,)

(for instance, Agpr =t AT when 7 has a unit exponential law under P). It is thus clear that we have
A =Tt A7) =A%t AT), where IO (A) is the (martingale) hazard function of 7. We set

At:/o %Fo(t)Ao(t), VteR,.

For the process A given above, the process V' given by (4.72) does not have a jump at 7 (for any
fixed s > 0) and thus for arbitrary t < s we have

=1 1- F(S)

— L{r>t} 1_ F(t)a

P(r>5[G) =1ponE (™| G)

as expected. To conclude, the G-martingale hazard process A of 7 coincides in fact with the F°-
martingale hazard process of 7 (which in turn coincides with the hazard function of 7). It would be
thus more natural to consider 7 as a random time with respect to the trivial filtration F°, and to
consider the following representation of the ‘enlarged’ filtration: G = D Vv F°.

Conjecture (C). If A is continuous and equality

P(7 > 5|G;) = 75 E (M

Ge)

holds for every ¢t < s, then we can find a suitable decomposition G = D V F, such that A is a
F-martingale hazard process, and

P(1 > s|Gy) = N7 E (e

Fi)

for every t < s.

4.6 Random Time with a Given Hazard Process

In this section, we shall examine the commonly used construction of a random time for a given
‘hazard process’ W. The F-adapted continuous process ¥ can be equally well considered as the [F-
hazard process I', or the F-martingale hazard process A. Indeed, in the standard construction of 7
the following properties hold:

(i) ¥ coincides with the F-hazard process I of T,

(ii) ¥ is the F-martingale hazard process of a random time 7, and

(iii) ¥ is G-martingale hazard process of T considered as a G-stopping time.

It should be stressed that 7 constructed below is a random time (but not a stopping time) with
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respect to the filtration F, and it is a totally inaccessible stopping time with respect to the enlarged
filtration G.

_ Let ¥ be a F-adapted, continuous, increasing process given on a filtered probability space
(Q,F,P) such that ¥g =0 and ¥,, = +o00. For instance, ¥ can be given by the formula

t
v, :/ Yudu, VteR,, (4.75)
0

where 1 is a non-negative F-progressively measurable process. Our goal is to construct a random
time 7, on an enlarged probability space (€2, G, P), in such a way that ¥ is a F-(martingale) hazard
process of 7. To this end, we assume that § is a random variable on some probability spAauce9 (Q, F , IS)A,
with the uniform probability law on [0, 1]. We may take the product space Q@ = QxQ, G = Fouo @ F
and P = P @ P. We introduce the random time 7 by setting

r=inf{tcR, :e V" <E}=inf{tcRy : U, > —In¢}. (4.76)

As usual, we set Gy = D, V F; for every t. We shall now check that properties (i)-(iii) also hold.

Proof of (i). We shall first check that (i) holds. To this end, we shall find the process F; = P(7 <
t| Fi). Since clearly {r >t} = {e~V* > ¢}, we get P(7 > t|F) = e~ Vt. Consequently,

1-F,=P(r>t|F)=E(P(r>t|Fx)|F) =",
and thus F is a F-adapted continuous increasing process. Notice that
Fi=1-eY =P(r <t|Fs) =P(r <t|F). (4.77)

We conclude that ¥ coincides with the F-hazard process I'.

Proof of (ii). The next step is to check that ¥ is the F-martingale hazard process A. This can
be done either directly, or through equality A = I". Since ¥ is a continuous process, to show that
A =T, it is enough to check that condition (H) holds, and to apply Corollary 4.10.

(From (4.77), (H) is valid. We fix ¢ and we consider an arbitary u < ¢. Since for any v € Ry
P(r<u|Fo)=1—e""", (4.78)
we indeed obtain

P(r<ulF)=E(P(r <ulFx)[Fi) =1 - " = P(r <u|Fx).

_ Alternatively, we may also check directly that (H) holds. Since {7 < s} = {¥5; > —In¢} €
FV F, it is clear that F; C Dy VFy C FV F;. Therefore, for any Fo,-measurable bounded random
variable &, we have

E([DVF)=EE|FVF)=EE|F), (4.79)

where the second equality is a consequence of the independence of F and Fso- This shows that (H)
holds.

We conclude that the F-martingale hazard process A of 7 coincides with I'. To be more specific,
we have ¥y = Ay =Tt = —In (1 — F}). Furthermore, the martingale invariance property holds: any
F-martingale is also a G-martingale.

Proof of (iii). Let us now check directly that ¥ is a F-martingale hazard process of a random time
7. Since ¥ is a F-predictable process (and thus a G-predictable process), we shall simultaneously

90f course, it is enough to assume that we may define on (£2,G,P) a random variable ¢ which is uniformly
distributed on [0, 1], and is independent of the process ¥ (we then set F = o(§)).
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show that W is also the G-martingale hazard process of a G-stopping time 7. We need to verify that
the process D; — Uyn, follows a G-martingale. First, by virtue of Lemma 3.2 we have for t < s

P(t<T§S|ft)

E(Ds =D |Gt) =E(Lj1<r<6) |Gt) = Lirony E(icrcy [ Gr) = Nrnyy

P(T > t|.7:t)
Using (4.77), we get P(t < 7 < s|F;) = E (F,| F:) — F;. Therefore
E(F,|F) — F
B(D.~ Di|G) = 1oy 2PV T (4.80)
— It
On the other hand, if we set Y = W n, — Uya,, then in view of (i) we get
1- FS/\T / dFu
Y =1 T Y = h’l —_— ] = _—
{r>t} (1 — FW) jtsnr) L— Fu
Using again (3.1), we obtain
E(Y|g)—]1 E(Y|F) 1 E(f]ms/\,r](l*Fu)*ldFﬂft) 1 E(F,|F) - F
t) = L{r>t} 7P('r > t|.7:t) = {r>t} 1-F = 4{r>t} —1 _F .

We conclude that the process Dy — Wia, is indeed a G-martingale.

Notice that the role played by the ‘hazard process’ ¥ in (i) and (iii) is slightly different. If we
consider ¥ as a F-hazard process of 7, then using Corollary 3.1 we deduce that for any Fs-measurable

random variable Y
E (]1{7—>s} Y | gt) = ]1{7_>t} E (YeI‘th‘S

Ft). (4.81)

On the other hand, if ¥ is considered as the G-martingale hazard process then, in view of Corollary
4.13, for any Gs-measurable random variable Y such that the associated process V is continuous at
T we obtain

E (]1{7'>s} Y | Qt) = ]1{7'>t} E (YeAtiAS

Gr). (4.82)
If Y is actually Fs-measurable then we have (see (4.79))

E (Yet 2 |G,) =E (Yet

FiVDy) =E (Ve

Fi)

so that the associated process V' is necessarily continuous at 7, and formulae (4.81) and (4.82)
coincide.

Remarks. Assume that U satisfies (4.75). Then (4.80) can be rewritten as follows
Pt<7<5(G)=lpanE(l—e¢ J udu | F). (4.83)
Using (4.77), we find that the cumulative distribution function of a random time 7 under P equals

P(r<t)=1-E (e*fo i) =1 — e Jo

where we write 7% to denote the unique F’-intensity of 7.

5 Analysis of Several Random Times

In this section, we shall deal with several random times. Suppose we are given random times
Ti,...,Tn, defined on a common probability space (§2,G,P) endowed with a filtration F. We are
interested in the study of the hazard functions and processes associated with these random times.
In particular, one of our goals will be to examine the relationship between the (F,G)-martingale
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hazard processes of stopping times 7; and the (F,G)-martingale hazard process of their minimum
T =min (7,...,7,). Fori=1,...,n we set

Di=1,<y, VteER,,

and we introduce the associated filtration D’ generated by the process D*. We introduce the enlarged
filtration G := D' v ... v D" VF. It is thus evident that 71,...,7, are stopping times with respect
to the filtration G.

5.1 Ordered Random Times

Consider two F-adapted increasing continuous processes, U! and W2, which satisfy U2 = vl =0
and U? > W} for every t € R;. Let £ be a random variable which is uniformly distributed on [0, 1],
and is independent of the process ¥. For i = 1,2 we set (see Section 4.6)

m=inf{teRy : eV <&}=inf{teR, : U > —In¢}. (5.1)

so that obviously 71 < 72 with probability 1.

We shall write G' = D' VF, for i = 1,2, and G = D' v D? vV F. An analysis of each random
time 7; with respect to its ‘natural’ enlarged filtration G* can be done along the same lines as in the
previous section. Recall that for two filtration F C G, a F-predictable right-continuous increasing
process A’ is a (F, G)-martingale hazard process of a random time 7; if the process

i _ i i
M{ = Di — Aj s,

follows a G-martingale. It is clear that for each i the process W' represents: (i) the (F, G")-hazard
process I'* of a random time 73, (ii) the (F,G')-martingale hazard process A’ of a random time 7;,
and (iii) the G'-martingale hazard process of 7; when 7; is considered as a G'-stopping time.

We shall focus on the study of hazard processes with respect to the enlarged filtrations. We find
it convenient to introduce the following auxiliary notation:'® F* = D’ VI, so that G = D' v F? and
G =D? VF!. Let us start by an analysis of ;. We are looking for the (FQ, G)-hazard process I'! of
71, as well as for the (FQ, G)-martingale hazard process A of 7. We shall first check that I'! £T1,
Indeed, by virtue of the definition of a hazard process we have, for t € Ry,

e =P(r > t|F) =e Y.

and

et =P(r > t|F2) =P(n > t|F v D2).

Equality I'! = I'! would thus imply the following relationship, for every t € Ry,
P(Tl >t|]‘—t\/’D?):P(T1 >t|.7:t), (52)

The relationship above is manifestly not valid, however. In effect, the inequality 7o < ¢ implies 7 < ¢,
therefore on the set {7> < t}, which clearly belongs to the o-field DZ, we have P(r; > t | F;VD?) = 0,
and this contradicts (5.2). This shows also that the (F?, G)-hazard process I'! is well defined only
strictly before 5.

On the other hand, since G = G' vID?, it is clear that the process D} — W, , which is of course
stopped at 71, is not only a Gl—martingale, but also a G-martingale. We conclude that ¥! coincides

with the (IFQ, G)-martingale hazard process A' of 7. A similar reasoning shows that ¥'! represents
also the G-martingale hazard process A' of 7.

10Though in the present setup F? = G?, this double notation will appear useful in what follows.
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As one might easily guess, the properties of 75 with respect to the filtration F! are slightly
different. First, we have

e T =P(ry > t|F}) =P(ry > t| 71 VD).
We claim that T2 # I'2, that is, the equality
P(T2>t|ft\/’Dtl):P(T2>t|.7:t) (53)

is not valid, in general. Indeed, the inequality 74 > ¢ implies 72 > ¢, and thus on set {71 > ¢}, which
belongs to D}, we have P(73 > t|F;VD}) = 1, in contradiction with (5.3). Notice that the process
I'? is not well defined after time T1.

Furthermore, the process D? — \IlfAT2 is a G*-martingale; it does not follow a G-martingale,
however (otherwise, the equality I'? = I'> = W2 would hold on [0, 73], but this is clearly not true).
The exact evaluation of the (F', G)-martingale hazard process A of 75 seems to be rather difficult.
Let us only mention that it is reasonable to expect that A? it is discontinuous at 7.

Let us finally notice that 71 is a totally inaccessible stopping time not only with respect to G*,
but also with respect to the filtration G. On the other hand, 75 is a totally inaccessible stopping
time with respect to G, but it is a predictable stopping time with respect to G. Indeed, we may
easily find an announcing sequence 73 of G-stopping times, for instance,

o =inf{t>m : \I/f > —lng—%}.
Therefore the G-martingale hazard process A2 of 75 coincides with the G-predictable process D? =
Iyr,<¢y- Let us set 7 = 71 A 72. In the present setup, it is evident that 7 = 71, and thus the G-
martingale hazard process A of 7 is equal to U'. It is also equal to the sum of G-martingale hazard
processes A* of 7;, i = 1,2. Indeed, we have
At/\T = ‘Iltl/\T = \I/tl/\T + D152/\7' = Atl/\T + AtQ/\T'

We shall see in the next section that this property is universal (though not always very useful).

5.2 Properties of the Minimum of Several Random Times

We shall examine the following problem: given a finite family of random times 7;, i =1,...,n, and
the associated hazard processes, find the hazard process of the random time 7 =71 A ... A 7,. The
problem above cannot be solved in such a generality, that is, without the knowledge of the joint
law of (71,...,7,). Indeed, as we shall see in what follows the solution depends heavily on specific
assumptions on random times and the choice of filtrations (we follow Duffie [11] and Kusuoka [19]).

5.2.1 Hazard Function of the Minimum of Several Random Times

Let us first consider a simple result, in which we focus on the calculation of the hazard function of
the minimum of several independent random times.

Lemma 5.1 Let7;, i =1,...,n, ben random times defined on a common probability space (2, G, P).
Assume that T; admits the hazard function Tt If 7;,i=1,...,n, are mutually independent random
variables, then the hazard function T' of T is equal to the sum of hazard functions %, i =1,...,n.

Proof. For any t € R} we have

e T® :1—F@:P@>ﬂ:Pmm@w“mﬂ>ﬂ:ﬁPm>ﬂ

i=1

n .
= H(l —Fi(t) = He—F’(t) — e, T -

i=1 i=1
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Let us now focus on the case of continuous distribution functions F;, i = 1,...,n. In this case, we
get also A(t) = Y7 | A(¢). In particular, if 7; admits the intensity v*(£) = A'(¢) = f;(¢)(1—F;(t)) !,
for each i, then the process

tAT t/\T
Dt Z/ du = ]1{7<t} Z/

follows a D-martingale, where D = D' v ... v D"

Conversely, if the hazard function of 7 satisfies A(t) = I'(t) = 1 T(t) = >_1, A*(t) for every

t then we obtain
n

P(ry>t,...,7>1t)=[[P(r >1t), VteR,.

i=1

5.2.2 Martingale Hazard Process of the Minimum of Several Random Times

We borrow from Duffie [11] the following simple result (see Lemma 1 therein).

Lemma 5.2 Let 73,1 = 1,...,n, be random times such that P(r; = 7;) = 0 for i # j. Then the
(F, G)-martingale hazard process A of T = 71 A ... ATy is equal to the sum of (F,G)-martingale
hazard processes A* — that is,

=Y A, VteR,. (5.4)

If A is a continuous process then the process L given by the formula L, = (1 — Dy)e is a G-
martingale.

Proof. By assumption, for any i = 1,...,n, the process M} := D} — A}, is a G-martingale.
Therefore, by the well-known properties of martingales the stopped process'?

TINT 7 7 7 7
(Mt) - Dt/\T At/\Tl/\T Dt/\T - At/\T

also follows a G-martingale for any fixed i. On the other hand, since P(r; = 7;) =0 for i # j, we
have

ZDW =D; =l <y

Therefore, the process
n

Mt =D — ZAt/\T:Z )T

i=1

obviously follows a G-martingale, as a sum of G-martingales. We conclude that the (F, G)-martingale
hazard process A of 7 satisfies (5.4). The second statement is an easy consequence of Itd’s formula,
which gives

Li=1- / Ly_ dM,. (5.5)
10,2]
This ends the proof. O

The striking feature of Lemma 5.2 is that the (F, G)-martingale hazard process of 7 can be easily
found without the knowledge the joint probability law of random times 7y, ..., 7,. It should thus be
observed that in order to make use of the notion of a (F, G)-martingale hazard process A we need

1L Of course, if 73,4 = 1...,n are stopping times with respect to the filtration G, then  is also a G-stopping time.
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to show in addition that A actually possesses desired properties. For instance, it would be useful to
know whether the equality

P(r > s|G) = L onE (M | F) (5.6)
holds for every t < s, or more generally whether we have

E(l{;>5Y|G) =1-nE (YeAt—As

Fi) (5.7)

for any bounded Gs-measurable (or Fs-measurable) random variable Y.

From now on, we shall assume that hypothesis (H) is satisfied. Combining Lemma 5.2 with
Corollary 4.11, we get immediately the following result, which gives only a partial answer to the last
question, however (see also Proposition 5.2 for related results).

Proposition 5.1 Let7;, i =1,...,n, be random times such that P(r; = 7;) =0 fori # j. Assume
that hypothesis (H) is satisfied and that each random time 7; admits a continuous (F, G)-martingale
hazard process A*. Let us set A = > A%, and let Y be a bounded Gs-measurable random variable.
Assume that the process V' given by the formula

Vi =E (Yeh

Fi), Vtelo,s], (5.8)

is continuous at 7. Then for any t < s we have

E(I50Y G) = LsnyB (Yt [ F). (5.9)
In the case of absolutely continuous processes A’ we have
V, =B (Ye 2o gy, (5.10)
and o
B (L)Y G) = T B (Ve Xm0 7, (5.11)

At the first glance Proposition 5.1 seems to be a very useful and powerful result, since apparently
it covers the case of independent and dependent random times. Notice, however, that the assump-
tions in Proposition 5.1 are rather restrictive: (i) any F-martingale is a G-martingale, (ii) each
(F, G)-martingale hazard process A’ is continuous. In addition, we deal here with a rather delicate
issue of checking the continuity of V' at 7. Therefore, the number of circumstances when Proposition
5.1 can be easily applied is in fact rather limited. One of them is examined in the foregoing example,
in which random times 7; are assumed conditionally independent given the filtration F.

Example 5.3 Let ¢! and 12 be two F-progressively measurable non-negative stochastic processes
defined on a common probability space (2,G,P), endowed with the filtration F. We assume that

/widu:/ Y2 du = oo
0 0

t
7, =inf {t € R} : / Yl du > —Ing'}, (5.12)
0

and we set

where ¢!, €2 are mutually independent random variables, defined on (©,G,P), which are also inde-
pendent of processes ¢, i = 1,2, and are uniformly distributed on the unit interval [0,1]. For each
i, the enlarged filtration G' := D' V FF thus satisfies G = F; V D} C F; V o (&) for every t.
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From Section 4.6 we know that the process ¥* = fot Y% du represents the F-hazard process of 7;.
In particular, for any Fs-measurable random variable Y we have for every ¢ < s (cf. (4.83))

E (Lo |G = 1o E (Ve o | 7). (5.13)

In addition, the process W' is also the (T, Gi)—martingale hazard process of a random time 7;. Finally,
7; is a totally inaccessible stopping time with respect to G*, and the continuity condition of Corollary
4.11 is satisfied. Indeed, for any fixed s > 0, the process

Vi =E (" | F) = E (MG, Vie o),

is obviously continuous at 7;. We conclude that for any ¢ < s
P(r;>5|G) = Lpon B(e J | F) = 1 an B (e ] P02 gh). (5.14)

We introduce the filtration G by setting G = FV D' VID?. Then 71, 7, as well as 7 = min (71, 72)
are G-stopping times. It is not obvious, however, that the process ¥ is the (F, G)-martingale hazard
process of 7;. We know that W* is a G-adapted continuous process such that Mt’ =D! - V! Ar; 1S @
G'-martingale. To conclude, we need to show that M? is also a G-martingale.

Let us consider, for instance, ¢ = 1. The random variable Mtl is manifestly G;-measurable. It is
thus enough to check that for any t < s

E(D!- v, |G) = E(D! — v, |G)).
Notice that the o-fields G! and D? are conditionally independent given G;. Consequently,
E(D! -, |G)=B(D! ~ v, |G} VD) —E(D! v, |G},

Since we have shown that ! is the (IF,G)-martingale hazard process of 71, we have (under mild
assumption on Gg-measurable random variable Y')

1 1
E (]1{.,.1>5} Y | gt) = ]1{7—1>t} E (Yrelllt_\yS gt)
In particular, we have for any ¢ < s (cf. (5.14))
P — vl-v! _ — [ i du
(11 >5[G) =Uirny E(e™ 7Y [Gr) = Lron E (e ) | ) (5.15)
since the process
Vi=E (" Y |G)=E (" Y |F), Vtelo,s],

is continuous at 7.

In view of Lemma 5.2, the (F, G)-martingale hazard process ¥ of 7, when stopped at 7, is the
sum of (F, G)-martingale hazard processes ¥, i = 1,2, associated with random times 7;, i = 1,2,
also stopped at 7. We have for t < s

TS 2y du
P(r>5|G) = Loy B (%% [G) = 1,on B (e J @irvD i £, (5.16)

In should be stressed that the last formula is a consequence of the assumption that the underlying
random variables ¢! and €2 are independent. The case of dependent random variables ¢! and €2 is
much more involved; let us only observe that we cannot expect formula (5.16) to hold in this case.
Indeed, it seems plausible that the G-martingale hazard process of 7 will have a jump at 75 on the
set {72 < 71}, and conversely, the G-martingale hazard process of 75 will be discontinuous at 7 on
the set {m1 < 72}. Consequently, one may conjecture that the sum of these processes will have a
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discontinuity at 7, and thus it will not be possible to use the G-martingale hazard process of 7 to
directly represent the survival probability P(7 > s|G;) through a counterpart of formula (5.16).

At the intuitive level, if the underlying random variables &' and &2 are not independent, the
observed occurrence of 7 (71, resp.) has a sudden impact on our assessments of the likelihood of
the occurrence of 71 (72, resp.) in a given time interval in the future. A very special case of such a
situation, when ¢! = £2, was examined in Section 5.1. The general case remains, to our knowledge,
an open problem.

Remarks. Alternatively, we may check that ¥' is also the (GQ, G)-martingale hazard process of 7.
Since ¥! is a continuous G*-adapted process and G = G? vV D', it is enough to verify that ¥!
coincides with the G*-hazard process of 71, or equivalently, that

P(r,>t|G}) =e¢ ", VteR,.

The last equality is clear, however, since the o-fields G} and D? are conditionally independent given
Fi, and thus (the event {71 > t} belongs, of course, to G})

P(r, >t|G}) =P(n >t|F, VD) =P(r > t|F) =e V.

5.2.3 Case of a Brownian Filtration

In this section, we consider once again the case of the Brownian filtration, that is, we assume that
F = FV for some Brownian motion W. We postulate that W remains a martingale (and thus a
Brownian motion) with respect to the enlarged filtration G = D' v ...vD"VF. In view of the
martingale representation property of the Brownian filtration this means, of course, that any F-local
martingale follows also a local martingale with respect to G (or indeed with respect to any filtration
F CF C G), so that (H) holds. It is worthwhile to stress that the case when F is a trivial filtration
is also covered by the results of this section, however.

The first result is a generalization of the martingale representation property established in Corol-
lary 3.7 (see also Proposition 3.5). Recall that in Corollary 3.7 we have assumed that the F-hazard
process I' of a random time 7 is an increasing continuous process. Also, by virtue of results of
Section 4.2 (see Proposition 4.10) under the assumptions of Corollary 3.7 we have T' = A, that is,
the F-hazard process I' and the (F, G)-martingale hazard process A coincide.

In the present setup, we find it convenient to make assumptions directly about the (F,G)-
martingale hazard processes A* of random times 7;, i = 1,...,n. As before, we assume that P(r; =
7;) =0 for i # j. Recall that by virtue of the definition of the (F,G)-martingale hazard process A°
of a random time 7; the process

M = Dj = Ny, (5.17)

follows a G-martingale. It is thus easily seen that the process
Li=(1- Di)eAi

also follows a G-martingale, since clearly (cf. (4.58) or (5.5))
Li=1 f/ Ll _dM.. (5.18)
10,2]

It is easily seen that L and L7 are mutually orthogonal G-martingales for any i # j (a similar
remark applies to M* and M7).

For a fixed k with 0 < k < n, we introduce the filtration G = D' V...V DF VF. Then obviously

= G if kK = n, and by convention G = F for k£ = 0. It is clear that for any fixed k£ and arbitrary
i < k processes L and M* are @—adapted. More specifically, L and L7 are mutually orthogonal
G-martingales for 4,7 < k provided that i £ j.
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A trivial modification of Lemma 5.2 shows that the (F, G) martingale hazard process of the
random time 7 := 711 A... AT equals A= Z AZ In other words, the process D, — Zf 1 Aiﬁ is
a G-martingale, where we set D; = Liz<qy

Proposition 5.2 Assume that the F-Brownian motion W remains a Brownian motion with respect
to the enlarged filtration G. Let Y be a bounded Fr-measurable random variable, and let T = 1 A
.. ATg. Then for anyt < s < T we have

E (LY [G) = E (L g Y |G) = Lo E (Yert™ ), (5.19)
so that o
P(7 > 5|G) =P(F > s|Gt) = Lz E (e ). (5.20)
In particular, for r =11 A ...\ T, we have
P(r>s|G) = LanE (™M | F), (5.21)
where A = Y"1 | AL
Proof. For a fixed s < T, we set
Y, =E(Ye M |F), Vtelo,T).
Let the process U be given by the formula
Uy = (1 — Dypg)etons = HLW, vt e [0,T). (5.22)

Under the present assumptions the process Y is a continuous G-martingale and thus also a G-
martingale. The process U, which is manifestly of finite variation, is also a G-martingale as a
product of mutually orthogonal G-martingales L', ..., L* (stopped at s). Therefore, their product
UY is a G- martingale. Consequently, for any ¢t < s

E (154 |G) =E(UrVr|G) = UY: = (1 - Dy)eM B (Ve ™

F)

as expected. It is clear that we may replace G by G in the reasoning above. O

Let us set F := DFFL v . v D" VF for a fixed, but arbitrary, k = 0,...,n. The next result
generalizes Proposition 3.5.

Proposition 5.3 Assume that:

(i) the Brownian motion W remains a Brownian motion with respect to G, ~

(i) for each i =1,...,n the F-martingale hazard process A" is continuous. Consider a F-martingale
M =E(X| ft), t €10, T], where X is a Fr-measurable random variable, integrable with respect to
P. Then M admits the following integral representation

M, = My + / Eu dW, + ¢t dM, (5.23)
i=k+1 ]Ot]

where € and (*,i=k+1,...,n are Iﬁ‘—predz'ctable processes.

Proof. The proof is similar to the proof of Proposition 3.5. We start by noticing that it is enough
to consider a random variable X of the form X = YH;Zl(l — Hg) for some r < n — k, where
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0<s1< <8 <T,and k+1<1i; <+ <i, <n. Finally, Y is assumed to be a Fp-measurable
integrable random variable. We introduce the F-martingale

T—B (Ve (30)| 7).
=1

Since [ is generated by a Brownian motion W, invoking the martingale representation property of
the Brownian motion, we conclude that Y follows a continuous process that admits the integral
representation

t
fft:ifO+/ EudW,, Yte[0,T],
0

for some F-predictable process §~ . Furthermore, W remains a martingale with respect to G and thus
Y is also a G-martingale.'? Therefore, Y is orthogonal to each G-martingale of finite variation M®.
Using It6’s formula and (5.18), we obtain

r r T r _
YH(l_Hgi):?THE?J :YO+/O H[’V/’EZ/\S]‘) Y, +Z/ Yu—H (u/\sj)— M.
j=1 j=1 j=1

0,s;]
The last formula leads to (5.23). O

Remarks. If the random variable X is merely Gr-measurable, we may still apply Proposition 5.3
to the F-martingale M; = E(X | F;) since clearly M; = E(X |F;), where X := E(X|Fr) is a
Fr-measurable random variable. This shows that representation (5.23) holds for any F-martingale.

It is also interesting to observe that we may in fact substitute in Proposition 5.2 the Brownian
filtration F with the filtration F := D™ v ... v D" VF. First, it is clear that A = Zle A% is also
the (F, G)-martingale hazard process of 7. Second, Proposition 5.3 shows that the process

Y, =E (Ye |.7:t Vte[0,T],

where Y is a Fr-measurable random variable, admits the following integral representation

Y, =Y + / Eu AW, + Z ¢ dM (5.24)
1=k+1 O t]
where ¢ and (%, i = k+1,...,n are F-predictable processes. Therefore, Visa G-martingale orthog-

onal to the G-martingale U given by (5.22). Arguing in a much the same way as in the proof of
Proposition 5.2 we thus obtain the following result.

Corollary 5.1 LetY be a bounded .7-"T-measumble random variable. Let T =1 N...A7,. Then for
any t < s < T we have

E(l{z50Y | Gi) = Lpogy B (VM

). (5.25)
In particular, we have

P(7 > 5| Gi) = Lz E (M4 | F). (5.26)

5.3 Change of a Probability Measure

In this section, in which we follow Kusuoka [19], we shall extend the results of Section 3.3 to the case
of several random times. We preserve the assumptions of Section 5.2.3, in particular, the filtration
F is generated by a Brownian motion W which is also a G-martingale (the case of a trivial filtration
F is also covered by the results of this section though).

12Gince Y is manifestly F-adapted, it follows also a martingale with respect to F.
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For a fixed T' > 0, we shall examine the properties of 7 under a probability measure P*, which
is equivalent to P on (€, Gr). To this end, we introduce the associated G-martingale n by setting,
for ¢t € [0,T1,

R
TP G

=Ep(X|G), P-as, (5.27)

where X is a Gp-measurable random variable, integrable with respect to P, and such that P(X >
0) = 1. By virtue of Proposition 5.3 (with & = 0), the Radon-Nikodym density process 7 admits the
following representation

t n
n=1 +/ CadWy +> | ChdM, (5.28)
0 = J10,4
where ¢ and (%, i = 1,...,n are G-predictable stochastic processes. It can be shown that n is a

strictly positive process, so that we may rewrite (5.28) as follows

=1+ / Nu— (Bu AWy + Z KL, dM), (5.29)
10,¢] i=1
where 3 and k%, i = 1,...,n are G-predictable processes, with x* > —1. The following result extends

Proposition 3.6 (its proof goes along exactly the same lines as the proof of Proposition 3.6 and thus
it is left to the reader).

Proposition 5.4 Let P* be a probability measure on (2, Gr) equivalent to P. If the Radon-Nikodym
density of P* with respect to P is given by (5.29) then the process

t
W = W, —/ Budu, Vte[0,T], (5.30)
0
follows a G-Brownian motion under P*, and for each i = 1,...,n the process
M = M} — / kL dA! = Di — / (1+ k%) dAL, Vtelo,T), (5.31)
10,tAT;] 10,tAT;]

is a G-martingale orthogonal to W* under P*. Moreover, processes M™ and M7* follow mutually
orthogonal G-martingales under P* for any i # j.

Though the process M follows a G-martingale under P*, it should be stressed that the process
jiO, t](l + k%) dA% is not necessarily the (F,G)-martingale hazard process of 7; under P*, since it
is not F-adapted but merely G-adapted, in general. This lack of measurability can be partially
improved, however. For instance, for any fixed ¢ we can choose a suitable version of the process
k', namely, a process ™ that coincides with £’ on a random interval [0, 7;], and such that £ is a
predictable process with respect to the enlarged filtration F* :=D'v...vD" ' vD* v . D" VF.
Since

D;‘—/ (1+m3’j)dA;=D;’—/ (14 k%) dAL,
]O,t/\Ti]

10,tAT;]

we conclude that for each fixed i the process
Al = / (1+ %) dA
10,1]

represents the (Fi*, G)-martingale hazard process of 7; under P*. This does not mean, however, that
the equality

ik

P*(1; > 5|Gt) = Loy Epe (M 70 | F¥)
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is valid for every s <t <T. We prefer to examine the last question in a slightly more general setting.
For a fixed k < n let us consider the random time'® ¥ = 7 A ... A 1,. As in Section 5.2.3, we shall
write F = D*™' v ... v D" VF. For any i = 1,...,n we denote by &’ (f3, resp.) the F-predictable
process such that &% = &’ (B = [, resp.) on the random set [0, 7].

Lemma 5.3 The (IF‘,G)—martmgale hazard process of the random time T under P* is given by the
formula

k
Af :Z/ (14 7% dAL, (5.32)
i=1710,t]

Proof. Let us set
t
Wt* = Wt —/ ﬁu du,
0

and
M}* = Di — / (1+&L)dAL
10,tAT;]

fori=1,...,n. The processes W* and :M * follow G-martingales under P*, provided that they are
stopped at 7 (since W . = W/ - and M}%- = M/%.). Consequently, the process

k

k
-3 [ (AN = >y

tAT] i—1
is a G-martingale. O

In view of Corollary 5.1 and Lemma 5.3, it would be natural to conjecture that for any ¢t < s < T
we have ~
Fi), (5.33)

Ep- (]]-{7:>s}Y | gt) = ]]'{7:>t} Ep- (YeAzfA:

where Y is a bounded Fr-measurable random variable. It appears, however, that that the last
formula is not valid, in general, unless we substitute the probability measure P* in the right-hand
side of (5.33) with some related probability measure. To this end, we introduce the following auxiliary
density processes 7 for £ =1,2,3

n
R N RN S ) (5:3)
10,%] i=k+1
~ n . ~ .
Bt [ (B Y R NT), (5.35)
10,t] i—1
and
~ k . ~ . n . ~ .
=1+ / Ao (BudWy + > kL dML + Y &l dMY). (5.36)
10,¢] i=1 i=k+1

It is useful to observe that the process f' is F-adapted (since, in particular, each process Mt is
adapted to the filtration D’ V). On the other hand, processes 7% and /® are merely G-adapted, but
not necessarily IF‘—adapted, in general. We find in convenient to introduce the Iﬁ‘—adapted modifications
%, 713 of 72, ® by setting 7if = E (04 |.7-'t) for t < T, £ =2,3. From the uniqueness of the martingale
representation property established in Proposition 5.3 we deduce that for ¢ = 2,3 we have (for £ =1,
(5.37) simply coincides with (5.34))

=1+ / i (BudWy + Y &L dM). (5.37)
10,2] i=kt1

13Since the order of random times is not essential here, the analysis below covers also the case of a single random
time 7; for any i = 1,...,n.
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We define a probability measure Py on (Q, Gr) by setting, for £ =1,2,3

dP
~0 14
= —— , P-as, 5.38
for t € [0,T]. It is thus clear that
_ . dP
~0 ~ 4
—EL|F)= 2L | Pas. .
Mt (N | Fe) P |7 a.s (5.39)

The following result, due to Kusuoka [19], is a counterpart of Corollary 5.1.

Proposition 5.5 Let £ € {1,2,3} and let Y be a bounded Fr-measurable random variable. Then
for any t < s <T we have

Ep-(Ii750Y |G) = Loy B (Y 4 | Fy), (5.40)

where the process A* is given by formula (5.32). In particular, we have

P*(7 > 5|Gi) = Lz Ep, (M 74 | F). (5.41)

The proof of Proposition 5.5 parallels the demonstration of Proposition 5.2 (see also remarks
preceding Corollary 5.1). We need some preliminary results, however. First, we shall establish a
counterpart of the integral representation (5.23).

Lemma 5.4 LetY be a F—martingale under Py for some £ € {1,2,3}. Then there exist F-predictable
processes £ and ', i =k +1,...,n, such that

t n
Y, = Yo + / G+ Y [ Gant (5.42)
0 i=kt1710:t]

Proof. The proof combines the calculations already employed in the proof of Corollary 3.9 with the
martingale representation property under P established in Proposition 5.3. We fix ¢, and we write
it = E (% | F:) (of course, 7; = 7} if we take £ = 1). We introduce an auxiliary process Y, which
follows a IF‘—martingale under P, by setting

e [ atdar) - [ atvedi,
10,¢] 10,2]
for t € [0,T]. Since It6’s formula yields
Tt A(Ya) = dYo + 01, Yo dify + 77,2 d[Y ],
the process Y admits the following useful representation
Y, =Yy +Y;— /]O ) Tt dlY, 7)]u- (5.43)

On the other hand, invoking Proposition 5.3, we obtain the following integral representation for the
process Y

t n
Yt:/ CudWu + > G dM,,
0

i=k+1710:t]
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where £ and %, i =1,...,k are F-predictable processes. Consequently, we have
n . ~ .
dY, = &LdW,+ > ¢ dM; -t dY, 7,
i=k+1

GdWy + > G+ i) A
i=k+1

To establish the last equality, notice that (5.37) combined with (5.31) yield

n
Bt dY il = &Bedt+ > GIRI(1+ &) dDY,
1=k+1

where the last equality follows in turn from the following relationship

ALY, 7l =7i- Y (GRidD} — RA[Y, 7).
i=k+1

We conclude that Y satisfies (3.41) with £ = € and ' = ¢"(1 4+ &) fori=k+1,...,n. O

Corollary 5.2 Let Y be a bounded Fr-measurable random variable. For a fized s < T we define
the process Y by setting

Y, =Ep (Ye ™ |F), Vte[0,T]. (5.44)

The process Y admits the following integral representation under Py

+ n
Y, =Y, +/ CudWy + Y CldM, (5.45)
0 i=k+1710:d]

where f and fi, i =k+1,...,n are F-predictable processes. The stopped process Yinz follows a
G-martingale orthogonal under P* to G-martingales M™,i=1,... k.

Proof. It is enough to apply Lemma 5.4 and to notice that the stopped process Vi satisfies

24 i*
u dMu/\-T—v

t n
YW:YH/ GadWie+ S [ ¢
0 i=kt1710:]

and to recall that W}, . = W/, and M. = MJ*..

We are in the position to establish Proposition 5.5.

Proof of Proposition 5.5. For a fixed s < T, let Y be the process defined through formula (5.44).
Furthermore, let U be the process given by the expression (notice that the process U is stopped at
TAS)

k tAs i i
U = (1= Hps)ehine = (1= Hyp) Hefo (L+7L)dA,
=1

: ; Cawiydn T i
= 10 Dipele ot T ki,

=1 =1

where . o
Lé* _ (1 . Dé)efo (14K, )dA,
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so that (cf. (5.18))
L =1- / L dM. (5.46)
10,1]

In view of (5.45), the above representation of the process U and (5.46), the processes U and Yins
are mutually orthogonal G-martingales under P*. Therefore,

Ep-(L(724)Y |Gi) = Ep- (UrY7 | Gy) = UrY; = (1 — Ht)eA:El—:,é (Ye ™

The last expression yields the asserted formulae (5.40)-(5.41). o

Remarks. 1t is also poss1b1e to consider the filtration generated by the random time 7, rather then
the filtration D' v ... v D*, Consequently, instead of the filtration G we would have G =DVF.
Since the stopped process H; — A}, - (as usual, H, = ;<)) is a G-martingale, and it is manifestly
a G-adapted process, it follows also a G- martingale. Let us consider the following property: any
F- martingale remains a G-martingale (or a G- martingale). It seems plausible to conjecture that this
property is not valid under P*, in general, but it holds under P, for ¢ = 1,2,3.

5.4 Kusuoka’s Example

The following example, borrowed from Kusuoka [19], shows that formula (5.33) does not hold, in
general. We assume that under the original probability measure P the random times 7;, ¢ = 1,2
are mutually independent random variables, with exponential laws with the parameters A\; and A5,
respectively. The joint probability law of the pair (71,72) under P admits the density function
flz,y) = Mge~ Mt for (z,y) € Ri. Our goal is to examine these random times under a
specific equivalent change of probability measure P*. In words, under P* the original intensity Ay
of the random time 7 jumps to some fixed value ay after the occurrence of 72 (the behaviour of the
intensity of 79 is analogous). Such a specification of the stochastic intensity of dependent random
times appears in a natural way in certain practical applications related to the valuation of defaultable
claims. Notice that the filtration F is here assumed to be a trivial filtration.

We shall now formally define the probability measure P*. Let oy and as be positive real numbers.
For a fixed T > 0, we introduce an equivalent probability measure P* on (£2,G) by setting
dpP*
aw®

P-as., (5.47)

where 1, t € [0,T], satisfies

nt*1+2/ Nu—tity M, (5.48)

where o o
]1{72<t}<)\1 1)7 ”tQ =17 <ty <)\_z - 1)~

It is useful to notice that nr = nkn2, where for every t € [0, T
S (5.49)
10,¢]

for i = 1,2, or more explicitly, for every t € [0,T]

—(a1=A1)(t—2) —(@1=21)(11—72) (5.50)

77151 = ]]-{7'1§7'2} + ]]-{72§t<7'1}e + ]]-{7'2<7'1§t} )\ ’

«
nt2 =<y + ]1{7'1§t<7'2}ei(a27)\2)(tin) + ]1{T1<T2§t})\_zei(ogi/\z)(‘rzin)' (5.51)
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1 2

(K2, resp.) is D?-predictable (D'-predictable, resp.) Then

AP = fg A du, where the processes A, i = 1,2 are given by the formulae

It is obvious that the process &

MNP =M1 = D)+ a1 D} = M1y +onli, <,
and
A2 = Xa(1 = Dp) + aaDy = Mol ryny + 2l <y

This means that the processes

tATL
Dtl —/ ()\111{.,-2>u} + al_ﬂ{frzgu}) du = Dtl — )\1(t A IAN Tg) — Ozl((t A\ 7'1) V 7o — Tg)
0
and
tAT2
D? — / (>\2]]-{7—1>u} + OéQ]].{TlSu}) du = Dt2 — )\Q(t A EIAN TQ) — ag((t AN TQ) V11— Tl)
0

are P*-martingales with respect to the joint filtration G = D! v D?.

In view of the assumed symmetry, it is enough to consider the random time 7 = 7 (i.e., we have
n =2 and k = 1). Notice that in the present setup we have #? = 0 since obviously x? = 0 on
the random interval [0, 71]. Therefore, the probability measure Py given by formulae (5.34)-(5.38)
coincides with the original probability measure P. It is useful to notice that ﬁl is D'-predictable
so that &} = s} for every t. Consequently, the probability measures Py and Pj3 coincide with the
probability measure P} given by formulae (5.49) and (5.57) below.

Our aim is to evaluate directly the conditional expectation P*(r; > s|D} vV D?) for t < s < T,
and subsequently to verify that

P*(Tl > s | Dt1 v Dt2) = ]]-{T1>t}E151(eA;*_A? D?) = ]]-{T1>t}EP(eA;*_A;* D?)v

where the second equality is an obvious consequence of the equality P, =P. Finally, we shall check
that, in general,

Q%

P*(11 > 5| D} VD}) # Uiz 5nyEp- (™2 | D).

5.4.1 TUnconditional Law of 7; under P*

We find it convenient to derive first the unconditional law of 7 under P*. In view of (5.50)-(5.51),

the marginal density f* of the random time 71 under P* equals™

t
/ Mg 2L e (@ =209 = (at+Aan) gy
0

1,0 .

T
+/ )\1)\2%e*(%*Az)(y*t)ef(AltJrAzy) dy
t 2

+/ )\1)\26*(azf)\2)(T7t)ef()\1t+/\2y) dy
t

1
= S (ke O —an(a+ Agge ()
1 2 — Qg
for every t < T. For ¢t > T, we have
r oo
f:I (t) = / )\1)\2@—(a1—/\1)(T—y)e—(>\1t+k2y) dy +/ )\1)\26—(/\1t+>\2y) dy
0 T
)\le—klt

- A+ A — g ()\26_(%_/\1” + ()‘1 - 0‘1)@_/\2T>'

14 For simplicity of exposition, we shall assume that A1 + A2 — a1 # 0 and A1 + A2 — a2 # 0.
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Consequently, for any s € [0,7T], we get

1
P*(Tl > S) = m <)\2€7a15 + ()\1 — Oél)ei()\lJr)Q)s). (552)
For s > T, we have
—kls
P* (Tl > S) m ()\26_((11_)\1)7—' + ()\1 - 041)6_A2T>. (553)

5.4.2 Conditional Law of 4 under P*

Our next goal is to derive an explicit formula for the conditional probability I := P*(r; > s| D} VD3).

Lemma 5.5 For everyt < s <T we have

1

I = H{T1>t,72>t} m ()\2e—a1(s—t) + ()\1 _ al)e—(/\1+)\2)(8—t)) + n{72§t<7—1} 6—061(8—75).

Proof. 1In view of results of Section 3.1.1, for arbitrary ¢t < s we have

P* (1 > s|D?)

t

(5.54)

where in turn

P*(r1 > 8,72 > t)

P*(ry > s|D?) = (1 - D?) B (s = 1)

+ DI P*(1y > 5| T2). (5.55)

Combining (5.54) with (5.55), we obtain

P*(Tl > 8§,Tg > t)
P*(Tl > 1,79 > t)

o P*(m1 > s|72)
t P*(Tl >1f|7'2)7

I=(1-DN(1-D? +(1-DHD

or more explicitly,

-1 P*(71>372>t)+]1 P*(r1 > s| 1)
S e St > 1) P P >t )

= ]1{7'1>t,7'2>t}11 + H{T2§t<'rl}12-

In order to evaluate Iy, observe first that
P >s,m<t) = / / A )\2267 a=A)(@=y) o= (e tA2) g qy

+/ /)\1)\26—(&1—Al)(T—y)e—(/\laHx\zy) dady
T Jo

= _Aee™™ (1 — e*(>\1+>\2*a1)t).
A+ A —o

Combining the last formula with (5.52), we obtain

P (i >s,m2>t) = P (n>s)—P(nn>sm<t)
_ Ao e—(/\1+k2)s + Az e—als—(/\1+)\2—061)t.
)\1%‘)\27041 >\1+)\27041

We conclude that

P*(T1>S,7'2>t)7 1
Pi(ri >t >1) M+d—a;

I = ()\ge_al(s_t) + (M — al)e_(’\1+)‘2)(s_t)).
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It remains to evaluate Is. To this end, it is enough to check that for t < s < T we have

()\1 4+ Ay — 062))\267041(577—2)

Is =1, <cnP*(m > =1 . 5.56
3= Ln<gPT(n > s]m) = 1<y AragePitrz=aa)m 4 (Xg — an) (A1 + A2) (5:56)
Indeed, the last formula would thus yield immediately
P*(r1 > s|m) o (s—
1 AN Rl e | ai(s—t)
{T2St<T1}P*(7—1 >t|7—2) {T2§t<7'1}e )
the desired result. To evaluate I3, we may, for instance, notice that for any u < s
1 T i o0
P (i >s|mm=u) = (/ ﬂe_("“_)‘1)(3‘_“)]”(30,u) dx —|—/ e (= A)(T=) £ (g qy) dx)
:2 (U) s >\1 T

()\1 + )\2 — 042))\26*(A1+A2*a1)u67a15
Arage=24 + (Ag — ag) (A1 + Ag)e~(PrtAz)u’

which gives (5.56) upon simplification. An alternative, though somewhat lengthy, way do to the
calculations for Is would be to use directly the Bayes formula

EP(77311{71>5} | 7-2)
Ep(ns | 72)

i<y P (11 > s|m2) = Lp<yy

and to check that for arbitrary ¢ < s < T we have

alse—(/\l—al)n

U<y Ep(nsllir 5oy | 72) = Nrcne”
and £ (m2)
T2
Ly enyBp(ns | 72) = 1y 222
{ra<tyEP (1 [ 72) ey
where f,,(u) = A\ae~?2%. Details are left to the reader. |

Remarks. Observe that to find P*(7y > s,72 > t) for t < s < T, it suffices in fact to notice that

J = P*(Tl > 8,Ty > t) = EP(nTﬂ{T1>s¢72>t}) = EP(ns]l{7'1>s,‘rg>t})

and

77811{71>s,7'2>t} = 77;]1{7'1>s,7'2>t} = ]1{7'1>s,‘r2>s} + ﬂ{t<'rg<s<‘r1}e_(a1_Al)(s_7—2)-

Therefore,

oo oo oo ps
J = / / )\1)\26—()\158-1-)\211) dxdy + / / )\1)\26—(061—/\1)(8—’!})6—(/\11‘4-/\2?}) da:dy
s s s t
_ Al — o o~ (utAa)s 4 A2 e—o1s—(Atre—an)t
A+ Ay — g AM+A—o

Let us introduce a probability measure P by setting

aPy
P = P-a.s. (5.57)

It is interesting to observe that the marginal density fﬁ of 71 under P7 coincides with f7 , since

t
fﬁ(t) = /)\1)\2%e—(al—Al)(t—y)e—(xltﬂzy) dxdy_i_/oo)\l)qe—(xltﬂzy)dxdy
0 1 t

1
_ )\ —aqt )\ o )\ )\ 7(A1+)\2)t
SV V—— (041 2€ + (A1 —a1)(A + Ag)e )
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for every ¢t < T. It is also obvious that fﬁ = fF fort > T. In fact, one may also deduce easily from
the calculations in the proof of Lemma 5.5 and remarks above that

I = P*(r>s|D}VvD? =Pi(n >s|D}VvD?
_ 1 PT(7'1>S,T2>t)+]1 3 Pi(m > s| 1)
{n>tra>t} PT(Tl > t,TQ > t) {rest<m} PT(Tl >t|7‘2) '

5.4.3 Intensity of m under P*

We shall now focus on the intensity process of 7, under P*. We have
t
Atl* = / ()\1]1{.,-2>u} + alﬂ{mgu}) du = M\ (t A 7'2) + a1 (t V o — T2). (5.58)
0
The first equality in next result is merely a special case of Proposition 5.5. In particular, equality
(5.59) shows that we may apply A'* to evaluate the conditional probability. Inequality (5.60) makes

it clear that the process A* does not coincide with the D*-hazard process of 71 under P*, however.

Lemma 5.6 Let [ :== P*(1y > s| D} VD3). For every t < s <T we have

Tx_ Al 1% _ Alx Tx_ Al
I= ]1{71>t}EP(eAt As D?) = ﬂ{rl>t}EP{(6At A th) = ]1{71>t}E151(eAt As D?) (5.59)
and 1= 1%
P*(11 > 5| Dy VD}) # U7, 5 Ep- (™ 27 | DY), (5.60)

Proof. Let us check that I = I, where I is given by Lemma 5.5, and

j = ]].{Tl>t}Ep(€Atl*_Ai* D?)

It is enough to verify that

1

Ep (et A =1 —
p(e vy v

Dj) ()\26_0‘1(s_t)+()\1—a1)e_(/\1+)\2)(8—t)) ey e,

If we denote Y = e¢" =A% then the general formula yields

Ep(Yll(,5¢y)

Ep(e 7 |D2) =1
p(c £) = Ly P(r; > t)

+ ]1{7—2§t} Ep(Y |72). (5.61)

Standard calculations show that

s o
_ / ez\l(t—u)+a1(u—s)>\26—)\2u du + / ez\l(t—s) )\26—/\2u du
t s

)\ e)\lt—als
— 2 (e—(Al-i-Az—ou)t _ e—(>\1+>\2—0¢1)8) + eMte—(AitA2)s

)\1 + )\2 — Q1
and, of course, P(mo > t) = e~*2!. Consequently, we obtain

Ep(Yll{r,5¢y) 1 oy (s— _ _
—_ )\ al(s t) )\ _ ()\1+A2)(S t)
P(r > 1) >\1+)\27a1( 2¢ + (A —a)e )

as expected. Furthermore, it follows easily from (5.58) that

Lir,<ty EP(eA‘l*fAi* o) = lir<py e—a1(s—1t)
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This ends the proof of the first equality in (5.59). The second equality in (5.59) follows from the
calculations above and the fact that tpe law of 75 under P7 is identical with its law under P*. The
last equality in (5.59) is trivial since Py = P.

We shall now consider (5.60) for ¢t = 0 (the general case is left to the reader as exercise). More
precisely, we wish to show that for s <T

P*(r, > s) # Ep-(e ™), (5.62)

where the left-hand side is given by (5.52). We have
Al* by . N s 5 > S
Ep:(e % ) =Ep- (e~ 1(5”2)_0‘1(5\/72_72)) :/O e_’\lu_"“(‘S_U)fjf2 (u) du —|—/ e Mo fr (u) du.

Consequently )
Ep- (e‘Ai*) = / e_)‘lu_‘“(S—”)f:2 (u) du 4 e M5P* (15 > 5),
0

where (cf. Section 5.4.1)

1

* - - —au _ —(A1+A2)u
7, (u) SV p— (042)&6 + (A2 = a2)(Ar + A)e )

foru <s<T,and

1 5 3
P(me > s) = m()\le—azs + (A — 042)6_()‘1+)‘2)5>,

Straightforward calculations yield

_Alx ]_ )\10&2 _ _
Eo. Ay _ |: ( ars (A1+a2)s)
P(e ) MFA—al A —a1 +a ¢ c

A2 —a2) M +22) (s _2ataa)s
2M1 + Ao — o (6 € )

+ ()\16—(/\14-@2)3 + ()\2 _ 042)6_(2)‘14')‘2)8)}

which shows, when combined with (5.52), that inequality (5.62) is valid. o
Remarks. If \; = a; for i = 1,2, the last formula gives, as it should
Ep- (e_Ai*) =P(r >s) =e M°,

In fact, the equalities above are also valid when As # as, but \; = «;. Let us now assume that
A2 = ag, but A1 # aq (this corresponds to the equality of probability measures P* = P%). Then we
get

1

Ay s
Er; (e ) AL+ A — oy

()\ge_o“s + (O — 041)6_()‘1"”\2)8) = Pi(r > s) = P*(r, > s).

This coincides with the second equality in (5.59), in the special case of t = 0.

5.4.4 Validity of Hypothesis (G) under P*

We shall now check the validity of hypothesis (G). In the present context, we consider the random
time 7 = 7, we take F = D?, and ¢ < T. Therefore, condition (G) reads as follows.

(G) The process F; = P*(ry < t|D?),t € [0,T], admits a modification with increasing sample
paths.
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Let us denote Gy = 1 — Fy = P*(1y > t|D?). It follows from the proof of Lemma 5.5 that

P*(ry > t, 70 > 1)

Gy = (1 - D3 Py > 1) + D? P* (11 > t|72), (5.63)
where
PH(ry > tymy > ) = L0 ~ubt A2 cau—(uehama)t - Oue
’ A+ A — oy M+ A —ag
and (cf. (5.52)-(5.53))
1
P*(TQ > t) = m (}\lefazt -+ ()\2 — O[Q)ef(A1+)\2)t)’ Vi < T,
e—)\Qt
P*(TQ > t) = m ()\16_(Q2_)\2)T + ()\2 - 062)6_)\17—'), Vt>T.
1 _

On the other hand, for every u < ¢t <T we have (cf. (5.56))

(A1 4+ Ap — ag)Age— (=W

P (r >t|m=u)= AagePitha—a2)u 1 (N — ag) (A + Ag)

Similar calculations yield

()\1 + )\2 _ aQ))Qe—(ou—Al)Tealu—)\lt
AageMitrz—a2)u 4 (Xg — ) (A + A2)

P (r >t|me=u)=

for u < T < t, and finally

) B B ()\1 + )\2 _ O[Q)e)gui)\lt
P (Tl >t | T2 = u) - )\1)\267(0‘27/\2)71 + ()\2 — ag)ef)‘lT

for T < u < t. Combining the formulae above, we obtain

; . " cer (T—1)
{t<m2<T} ety — g + Lrcicrsy el + Xy — ao
cAge1(u—t)

]1 To=—u
+ L r=u<i<t) Arage + (A2 — ao) (A1 + A2)
(M=) T garu—Art

Gy =

. cAge
{re=u<T<t} Alercu + ()\2 — 042)(>\1 + >\2)
C@AlT@)\?u_)\lt

1 _
+ {T<ro=u<t} )\1)\266T T ()\2 — 042) )

where we denote ¢ = A\; + A2 — ap. In particular, for every t € [0,7] we have

c chger(t=72)
Gi=1 —_— 41 .
t {t<m<T} Me + g — an + L <i<my A a2e™ + (A — a2) (A1 + A2)

Since both terms in the right-hand side of the last formula can be shown to follow decreasing
functions, it is enough to examine the jump at 7o, which equals

c cAa
A= — .
A1€€7T2 + Ay — (ug A1 rp€f™2 + ()\2 — OéQ)()\l + )\2)

Straightforward calculations show that A < 0 if and only if Ay < as.
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5.4.5 Validity of Hypothesis (H) under P*

Recall that we have G = D' v D%, If we choose 7 = 71 then the filtration F = D? generated by 7o
plays the role of the additional filtration F. Therefore, condition (H) introduced in Section 4.1.1 can
be restated as follows.

(H) Any D'-martingale under P* follows also a G-martingale under P*.
Condition (H) is equivalent to the following condition (cf. hypothesis (H3) in Section 4.1.1).

(H3) Equality Ep-(£|D;f vV D?) = Ep«(¢£]D7?) holds for any bounded D2 -measurable random
variable £, and any t € R.

From the calculations done in preceding sections, it is clear that the last condition is not sat-
isfied in Kusuoka’s example. For instance, we may take ¢ < s and { = 1, . Using a suitable
modification of formula (5.52), we get

_1 P*(ry >5) 1 A1e7925 4 (A — ap)e”MitAa)s
= Lirm>t} P*(Tg > t) = d{m>t} Aje—cat ()\2 _ 042)6_()‘14‘)\2)15'

Ep.(¢|D}) = P*(2 > 5| D)

On the other hand, Lemma 5.5 yields

Ep-(£|D; VD) = P*(ro>s|D}VD})

P*(my > t,72 > ) P*(my > 5|7)

- 1 1 P < 7
{r1>t, 72>t} P*(Tl >t > t) + {1 <t<m2} P*(7-2 > t|7'1)

1 —aa(s— - s—
]]-{7—1>t,7'2>t} m ()\1@ 2(s—t) + ()\2 — Oég)e (A1+A2)( t))

—az(s—t).

+ 11{71 <t<m} €

It is thus clear that Ep«(¢| D} V D?) # Ep-(£]|D?), and thus the martingale invariance property
(H) does not hold under P* (it is obvious that it holds under the original probability measure P).
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